
 
 
 

RICE UNIVERSITY 
 
 
 

By 
 
 
 

A THESIS SUBMITTED 
IN PARTIAL FULFILLMENT OF THE 
REQUIREMENTS FOR THE DEGREE 

 
 
 

APPROVED, THESIS COMMITTEE 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

HOUSTON, TEXAS 

Christopher Jermaine

Doctor of Philosophy

Anastasios Kyrillidis

Yingyan Lin

Ce Zhang

Binhang Yuan

November 2020

Αναστασιος Κυριλλιδης (Nov 29, 2020 06:41 GMT+2)
Αναστασιος Κυριλλιδης

Ce Zhang (Nov 29, 2020 23:04 GMT+1)
Ce Zhang

Yingyan Lin (Nov 29, 2020 23:08 CST)
Yingyan Lin

Christopher Jermaine (Dec 4, 2020 10:50 CST)
Christopher Jermaine

Chair
Professor,
Computer Science, Rice University

Distributed Machine Learning Scale Out with Algorithms and Systems

Assistant Professor,
Electrical and Computer Engineering,
RiceUniversity

Assistant Professor,
Computer Science, Rice University

Assistant Professor,
Computer Science, ETH Zurich



ABSTRACT

Distributed Machine Learning Scale Out with Algorithms and Systems

by

Binhang Yuan

Machine learning (ML) is ubiquitous, and has powered the recent success of

artificial intelligence. However, the state of affairs with respect to distributed ML is

far from ideal. TensorFlow and PyTorch simply crash when an operation’s inputs and

outputs cannot fit on a GPU for model parallelism, or when a model cannot fit on a

single machine for data parallelism. A TensorFlow code that works reasonably well on

a single machine with eight GPUs procured from a cloud provider often runs slower

on two machines totaling sixteen GPUs.

In this thesis, I propose solutions at both algorithm and system levels in order

to scale out distributed ML. At the algorithm level, I propose a new method to

distributed neural network learning, called independent subnet training (IST). In IST,

per iteration, a neural network is decomposed into a set of subnetworks of the same

depth as the original network, each of which is trained locally, before the various

subnets are exchanged and the process is repeated. IST training has many advantages

including reduction of communication volume and frequency, implicit extension to

model parallelism, and memory limit decrease in each compute site. At the system level,

I believe that proper computational and implementation abstractions will allow for

the construction of self-configuring, declarative ML systems, especially when the goal

is to execute tensor operations for ML in a distributed environment, or partitioned



across multiple AI accelerators (ASICs). To this end, I first introduce a tensor

relational algebra (TRA), which is expressive to encode any tensor operation that can

be written in the Einstein notation, and then consider how TRA expressions can be

re-written into an implementation algebra (IA) that enables effective implementation

in a distributed environment, as well as how expressions in the IA can be optimized.

The empirical study shows that the optimized implementation provided by IA can

reach or even out-perform carefully engineered HPC or ML systems for large scale

tensor manipulations and ML workflows in distributed clusters.
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Chapter 1

Introduction

1.1 Motivation

Machine learning (ML), especially deep learning, has become an important mechanism

to discover knowledge from large data collections. This knowledge takes the form of

ML models that can make automatic predictions or provide actionable hypotheses for

diverse data science applications [1]. Systems such as TensorFlow [2] and PyTorch [3]

have revolutionized the practice of deep learning for vision, speech, language under-

standing, and many other fields [4], since the engineering effort to implement gradient

decent for learning ML models has been minimized by these systems. Difficult gradient

computations that would have been impossible to get right “by hand” are generated

quickly (without programmer involvement) via auto-differentiation [5]. Operations in

the resulting compute graph are automatically mapped to high-performance CPU and

GPU kernels, with little programmer involvement.

Nevertheless, the state of affairs with respect to distributed ML is still far from

ideal. First and foremost, these systems typically do not scale as well as one would

hope. A classic measure of the scalability for a distributed program is the ratio of

the execution time on a single compute unit to the execution time in a N -site cluster.

Consider an example where a data scientist has accumulated a large amount of data

from his/her enterprise, and he/she prototypes a state-of-the-art deep learning model

using PyTorch. A back-of-the-envelope estimation suggests that it would take two
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months to train the model using all of the data by an AWS EC2 GPU instance. If

PyTorch could scale out distributed ML perfectly, the data scientist would simply rent

N machines to cut the training time to 1/N of the estimation under the same budget∗.

Unfortunately, this is not the reality for existing systems. As I show, for very large

models, renting more machines can actually result in a higher compute time.

Another problem with existing systems such as TensorFlow and PyTorch is that

they struggle to train very large models. This can cause problems for practitioners in

many scenarios. For example, a computational chemist who wishes to train a graph

neural network to automate the classification of new compounds in drug discovery

cannot easily get TensorFlow or PyTorch to work if the model to process the complex

molecular fingerprints is too large to fit in a single GPU RAM. An enterprise IT

team intending to train a transformer model for a special purpose question answering

system from scratch by their private data would find it difficult to put hundreds of

terabytes of documents as well as the multi-GB models needed to process them into

tensors that fit into GPU RAM.

1.1.1 Background

Before I discuss potential ways to address these problems, I will begin by reviewing a

few important concepts.

This thesis focuses on stochastic gradient descent (SGD)-based algorithms as the

optimization strategy for ML. SGD minimize a loss function by repeatedly “moving”

the model’s parameters in the direction of the negative gradient of the function. The

procedure is “stochastic” since the gradient is calculated from a randomly sampled

∗One usually pays for compute capacity by the hour for a cloud computing service, like AWS EC2.
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subset (called a mini-batch) of the training data†. The loss function is typically a

proxy for the actual error to be minimized, e.g., the mean squared difference (or

“error”) calculated between the model outputs and desired outputs in the case of a

regression problem, or the negative log likelihood of the ground truth class predicted

by the model in the case of classification.

In order to distribute/parallelize SGD, there are two general approaches: paral-

lelizing the data or the model. In the so-called “data parallel approach”, the dataset is

partitioned across all workers in the cluster, and all workers perform SGD iterations

to update the entire model, using their own subset of the data, with or without

synchronization of the model. The entire model is sent to all workers (either from

a centralized location, or from a distributed storage), and the update of the model

requires an aggregation of the gradients from all the workers. In the so-called “model

parallel approach”, different components of the model are distributed to workers, so

that no worker has access to all of the data. The different components of the model

are each processed locally, so intermediate results of the SGD computation must be

communicated through the network [6].

The challenges w.r.t distributed ML fall into two categories: i) at the algorithmic

level, SGD is not easily parallelized/distributed due to its inherently sequential nature;

parallelization requires frequent synchronization which is expensive and limited by the

network bandwidth. Developing algorithms that immunize this communication cost is

crucial. And ii) at the systems level, there is little differentiation between the logical

description of the computation to be run, and the actual computation that is run by

†In the literature, stochastic gradient descent sometimes refers to sampling a single sample from

the training data. Here, I use stochastic gradient descent as a synonym for mini-batch stochastic

gradient descent.
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the system. Concepts such as automatic choice of algorithm, automated distribution

of data and compute, re-writes of the computation itself to add to the efficiency, and

automatic allocation of computational resources in a parallel/distributed runtime are

almost absent from modern ML systems.

1.1.2 My Contributions

My thesis attempts to remedy these deficiencies in modern ML algorithms and systems,

and make it easy for relatively naive end-users to use distributed ML. Distributed ML

should be efficient and easy, and it should scale out. This thesis discusses solutions at

both algorithmic and systematic levels.

The proposed algorithmic solution attempts to reduce the synchronization overhead

of distributed SGD by decomposing a neural network into a set of subnetworks of the

same depth, each of which is trained locally.

To help with the design and implementation of ML systems that allow for automatic

optimization of distributed computations as well as excellent scale-out, I introduce

a novel relational algebra, which is expressive enough to encode various machine

learning operations. This thesis discusses how this algebra can be optimized for

the construction of self-configuring, declarative ML implementations, especially in a

distributed environment.

1.2 Algorithmic Solution — Independent Subnet Training

1.2.1 Problem Description

Distributed training of neural networks (NN) over a compute cluster has become an

essential task in modern computing systems [7, 8, 9, 10, 11]. As discussed, distributed
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training algorithms may be roughly categorized into model parallelism and data

parallelism. In the former [8, 11], different compute nodes are responsible for different

parts of a NN. In the latter [12, 13, 14], each compute node updates a complete copy

of the NN’s parameters on different training data. In both cases, the obvious way

to speed up learning is to add more nodes. With more hardware, the model is split

across more CPUs/GPUs in the model parallel setting, or gradients are computed

using fewer data objects per compute node in the data parallel setting.

Due to its ease-of-implementation, data parallel training is most commonly used,

and it is better supported by common deep learning software, such as TensorFlow

and PyTorch. However, there are limitations preventing data parallelism from easily

scaling out. Adding nodes means that each node can perform forward and backward

propagation more quickly on its own local data, but it leaves the synchronization step

no faster. In fact, if synchronization time dominates, adding more machines could

actually make training even slower as the number of bytes transferred to broadcast an

updated model grows linearly with cluster size. This is particularly problematic in

public clouds, such as Amazon EC2‡, that tend to couple relatively slow interconnects

with high-performance GPUs, meaning that transfer costs dominate. One can increase

batch size to decrease the relative cost of the synchronization step, but this can

introduce statistical inefficiency. While there is some debate about the utility of

large-batch methods in practice [15, 16], very large batch sizes often do not speed up

convergence unless special configuration and tuning is performed, and large batches

can also hurt generalizability [17, 18, 19, 20, 21, 22, 23].

‡89% of cloud-based deep learning projects are executed on EC2, according to Amazon’s marketing

materials.
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1.2.2 Proposed Solution

To this end, a method called independent subnet training (IST) is proposed to

facilitate combined model and data parallel distributed training at the algorithmic

level. IST utilizes ideas from dropout [24] and approximate matrix multiplication

[25] — IST decomposes the NN layers into a set of subnets for the same task, by

partitioning the neurons across different sites. Each of those subnets is trained for one

or more local SGD iterations, before synchronization.

Since subnets share no parameters in the distributed setting, synchronization

requires no aggregation on these parameters, in contrast to the data parallel method —

it is just an exchange of parameters. Moreover, because subnets are sampled without

replacement, the interdependence among them is minimized, which allows their local

SGD updates for a larger number of iterations without significant “model drifting”,

before synchronizing. This reduces communication frequency. Communication costs

per synchronization step are also reduced because in an n-machine cluster, each

machine gets between 1
n2 and 1

n
of the weights — contrast this to data parallel training,

when each machine must receive all of the weights.

IST has advantages over model parallel approaches. Since subnets are trained inde-

pendently during local updates, no synchronization between subnetworks is required.

Yet, IST inherits the advantages of model parallel methods. Since each machine gets

just a small fraction of the overall model, IST allows the training of very large models

that cannot fit into the RAM of a node or a device. This can be an advantage when

training large models using GPUs, which tend to have limited memory.
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1.2.3 Highlight of Empirical Study

An extensive empirical study is conducted to evaluate IST’s ability to provide speedups

and scalability on benchmarks concerned with speech recognition, image classification

(CIFAR10 and full ImageNet), and a large-scale Amazon product recommendation

task.

The experiments show that IST not only shows great advantages in processing the

training data (in fact, IST shows super-linear scalability), but also results in up to

a 10.6⇥ speedup for end-to-end time-to-convergence, compared to a state-of-the-art

data parallel realization, using bandwidth-optimal ring all-reduce [26], as well as a

4.3⇥ speedup compared to the “vanilla” local SGD method [27].

Because IST allows for efficient implicit model parallel training, IST can solve an

“extreme” Amazon product recommendation task with improved generalization, by

supporting very high embedding dimensionality for large models, which is not easily

supported by data parallel based training. The precisions @1, @3, and @5 for the

task, are improved by 5.23%, 4.90% and 4.94% respectively, compared to the data

parallel approach.

1.3 ML Systems Design — Tensor Relation Algebra

1.3.1 Problem Description

Systems such as TensorFlow and PyTorch successfully make ML computation declar-

ative (at least within a single machine) by automatically constructing computation

graph via auto-differentiation [5]. Operations in the resulting compute graph are then

automatically mapped to hardware, with little programmer involvement.

However, the state-of-the-art of distributed ML systems is far from perfect. Ten-
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sorFlow and PyTorch simply crash when an operation’s inputs and outputs cannot fit

on a GPU for model parallelism, or when a model cannot fit on a single machine for

data parallelism. A TensorFlow code that works reasonably well on a single machine

with eight GPUs procured from a cloud provider often runs slower on two machines

totaling sixteen GPUs.

The fundamental problem is lack of abstraction in modern distributed ML systems.

A user-requested operation such as a matrix multiply on TensorFlow or PyTorch is not

a logical operation that the system figures out how to execute. Rather, it is a physical

operation that has to be run as a kernel operation somewhere, on some hardware.

These systems do not treat a compute graph as an abstract computation that is to be

optimized and mapped to hardware, especially for a distributed runtime.

Modern ML systems were developed without asking: what are the foundational

abstractions necessary for building such systems? Consider the development history

of relational database management systems (RDBMSs) in the decades of the 1970’s

and 1980’s. RDBMSs were designed by asking and answering a series of foundational

questions:

1. What is the foundational computational abstraction upon which database sys-

tems should be built? That is, what is the “language” of database systems?

2. What is the implementation abstraction necessary to realize that computational

abstraction?

3. And finally, how should that implementation abstraction be constructed in a

real-life system?

In the context of database systems, the answer to the first question was first-order

logic (FOL) [28]. The answer to the second question was relational algebra (RA),
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which is computationally as powerful as FOL, but easily implementable (consisting of

a small set of simple operations), and easily optimizable via a set of algebraic rewrite

rules [29]. In answering the final question, the database research community designed

a huge number of implementations for joins, selections, aggregations, etc.

1.3.2 Proposed Solution

In this thesis, I ask the fundamental question: what is an appropriate implementation

abstraction for ML system design?

One may ask: why not simply use linear algebra as the implementation abstraction?

As an example, a system may ship a large number of physical matrix multiply

implementations, including multiple parallel, distributed, and local matrix multiply

implementations that use (or do not use) hardware acceleration. For example, one

could include a high-performance distributed ScaLAPACK implementation of the

2.5D matrix multiply algorithm [30], and build an optimization framework that allows

the system to carefully design a physical plan for a given compute graph.

The problem with that approach is that the set of linear algebra operations is far

too heavy and complex to serve as an implementation abstraction. This approach

would require that a modern ML system includes dozens or even hundreds of operations.

It is not practical to maintain a dozen implementations of each operation, nor is it

practical to code up a dozen new implementations for each new operation that must

be supported. Since each linear algebra operation is a separate code, an optimization

applied to one physical implementation does not apply to any of the others.

In response, the proposed systematic approach introduces a simple and concise

tensor relational algebra (TRA) over so-called tensor relations. At the highest

level, a tensor relation is simply a binary relation between keys and multi-dimensional
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arrays.

There are some key reasons that this makes sense as the implementation abstraction

in ML system design. Crucially, just like the relational algebra, it is a set-based

abstraction whose operations are easily parallelized in the same way that relational

algebra is parallelized. Because it is designed to facilitate “chunking” of tensors into

smaller pieces that can be operated over using efficient CPU or GPU kernels, it is by

design easy to implement efficiently across multiple machines or ASICs. Second, like

the relational algebra, it is simple and concise, so it should be possible to optimize ad

infinitum. Finally, it is powerful. It is easy to prove (as discussion in Section 3.1.3)

that the tensor relational algebra is at least as powerful as the Einstein notation, a

standard tensor calculus. Hence, it can be used to implement anything that can be

written in the Einstein notation (including matrix multiplications, convolutions, and

so on).

The proposed TRA is complied to an implementation algebra (IA) which is

easy to implement in a distributed system. The system considers how computations

in the TRA can be transformed into computations in the IA, and leverages a set of

transformations or equivalences that allow re-writes of computations in the IA.

1.3.3 Highlight of Empirical Study

A prototype of the TRA is implemented to evaluate if TRA can enable efficient,

distributed implementations of ML computations. The empirical study aims at

answering two key questions: i) given a dataset and a ML workflow/tensor computation,

can the proposed system be used to convert a TRA expression into an expression in

the IA which is optimized for, and runs well on, that particular dataset? ii) How does

the execution time of such an optimized computation compare to what one might
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expect for a competing, high-performance engine? To answer these questions, three

benchmark tasks are designed: (i) distributed matrix multiplication, (ii) distributed

nearest neighbor search in a Riemannian metric space, and (iii) distributed SGD in a

two-layer, feed-forward neural network (FFNN).

The TRA system enables very fast ML computations: for different matrix multipli-

cation settings, one of the IA implementations is nearly as fast, or significantly faster

(1.5⇥ speedup) than Intel’s high-performance ScaLAPACK library; for the nearest

neighbor computation, the optimized IA implementation is only 6% slower than a

local implementation executed on a single machine with the same computation power.

The most striking results are from the FFNN benchmark. The IA implementation

reaches up to 12⇥ speedup in a GPU cluster and 9.1⇥ speedup in a CPU cluster,

compared to the most advanced PyTorch data parallel approach.

According to the experimental results, it is reasonable to believe that the proposed

optimization techniques are quite effective for various ML computations, since the

TRA-based system can reach or even significantly outperform existing HPC and ML

systems.
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Chapter 2

Independent Subnet Training

This chapter introduces the proposed algorithmic level approach called independent

subnet training (IST), which facilitates combined model and data parallel distributed

training. When sharing the model among the cluster, IST only transmits the par-

titioned subnet to each node instead of the whole model. This reduces the overall

communication overhead per iteration. By sampling without replacement, the model

is split into non-overlapping networks, which reduces the interdependence between

compute nodes, so that aggressive local updates can be applied, compared to vanilla

local SGD. In order to justify the design of IST, I first include a theoretical discussion

w.r.t the convergence guarantee of IST; then a group of experiments including speech

recognition, image classifications (CIFAR10 and full ImageNet), and a large-scale

Amazon product recommendation task are performed to evaluate IST.

This chapter is organized as below: Section 2.1 formally describes IST in depth;

Section 2.2 provides the convergence guarantee of IST; and Section 2.3 enumerates

the empirical study to verify the effectiveness of IST.

2.1 Training via Independent Subnetworks

2.1.1 Preliminaries

NN training. The goal is to optimize a loss function `(·, ·) over a set of labeled

examples; the loss `(w, ·) encodes the NN architecture, with parameters w. Given
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samples X := {xi, yi}ni=1, deep learning aims in finding w
? that minimizes the empirical

loss :

w
? 2 argmin

w

1

n

nX

i=1

` (w, {xi, yi}) . (2.1)

Formula (2.1) is completed using various approaches [31, 32, 33, 34, 35], but almost

all NN training is accomplished via some variation on SGD: one computes (stochastic)

gradient directions r`it(wi) := r`(wi, {xit , yit}) that, on expectation, decrease the

loss, and then set wt+1  wt � ⌘r`it(wt). Here, ⌘ > 0 is the learning rate, and it

represents a mini-batch of examples, selected from X.

Why classical distributed approaches can be ineffective? Computing

r`(wt, X) over the whole X is wasteful [36]. Instead, mini-batch SGD computes

wt+1  wt � ⌘r`(wt, Xit) for a small subsample Xit of X. In a centralized system,

one often uses no more than a few hundred data items in Xit , and few would advocate

using more than a few tens of thousands of Xit [17, 18, 20].

For distributed computation, this is problematic for two reasons: first, it makes it

difficult to speed up the computation by adding more computing hardware. Since the

batch size |Xit | is small, splitting the task to more than a few compute nodes is no

beneficial, which motivates different training approaches for NNs [37, 38, 39, 40, 41, 42].

Second, gathering the updates in a distributed setting introduces a non-negligible

time overhead in large clusters, which is often the main bottleneck towards efficient

large-scale computing. This imbalance between communication and computation

capacity may lead to significant increases in training time when a larger cluster is

used.
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Original  network Network decomposed into three subnets for training

Inputs

Outputs

Inputs Inputs Inputs

Outputs Outputs Outputs

Figure 2.1 : Decomposing a NN with three hidden layers into three subnets.

2.1.2 Distributing Independent Subnets

Assume n sites in a distributed system. For simplicity, it is assumed that all layers of

the NN utilize the same activation function. Let f
l denote that vector of activations

at layer l. f
t denotes the set of activations at the final or “top” layer of the network,

and f
0 denotes the feature vector that is input into the network. Assume that the

number of neurons at layer l is Nl. IST is a randomized, distributed training regime

that utilizes a set of membership indicators :

{ml

s,i
}s2{1...,n},i2{1...,Nl}

Here, s ranges over the n sites, and i ranges over the neurons in layer l. Each

m
l

s,i
2 {0, 1}, is randomly selected, where the marginal probability is P

⇥
m

l

s,i
= 1
⇤
= 1

n
.

Further, for each layer l and activation i, IST constrains
P

s
m

l

s,i
to be 1 and the

covariance of ml

s,i
and m

l�1
s,i0 must be zero, so that E

⇥
m

l

s,i0m
l�1
s,i

⇤
= 1

n2 .

Then, the definition of the recurrence at the heart of IST can be formalized as:

f̂
l = f

 
n
2
X

s

m
l

s
�
⇣
W

l

⇣
m

l�1
s
� f̂

l�1
⌘⌘!

. (2.2)

Here, W
l is the weight matrix connecting layer l � 1 and layer l, and � denotes
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the Hadamard product of the two vectors. This recurrence is useful for two key

reasons. First, it is easy to argue that if f̂ l�1 is an unbiased estimator for f l�1, then

n
2
P

s
m

l

s
�
⇣
W

l

⇣
m

l�1
s
� f̂

l�1
⌘⌘

, is an unbiased estimator for W l
f
l�1. To show this,

note that the j-th entry in the vector n
2
P

s
m

l

s
�
⇣
W

l

⇣
m

l�1
s

˙̂f l�1
⌘⌘

is computed as

n
2
P

s

P
i

P
i0 W

l

j,i
m

l

s,i0m
l�1
s,i

f̂
l�1
i

, and hence its expectation is:

E
"
n
2
X

s

X

i

X

i0

W
l

j,i
m

l

s,i0m
l�1
s,i

f̂
l�1
i

#

=n
2
X

s

X

i

X

i0

W
l

j,i
E
h
m

l

s,i0m
l�1
s,i

f̂
l�1
i

i

=n
2
X

s

X

i

1

n2
W

l

j,i
E
h
f̂
l�1
i

i

=
X

i

W
l

j,i
f
l�1
i

which is precisely the j-th entry in W
l
f
l�1.

This unbiasedness suggests that this recurrence can be computed in place of the

standard recurrence implemented by a NN, f l = f
�
W

l
f
l�1
�
. A feature vector can be

pushed through the resulting “approximate” NN, and the final vector f̂ t can be used

as an approximation for f
t.

The second reason the recurrence is useful is that it is much easier to distribute

the computation of f̂ t — and its backward propagation — than that of f t. When

randomly generating {ml

s,i
}s2{1...,n},i2{1...,Nl}, IST requires that

P
s
m

l

s,i
be 1. Two

important aspects follow directly from this requirement. First, in the summation

of Formula (2.2), only one “site” can contribute to the j-th entry in the vector f̂
l;

this is due to the Hadamard product with m
l

s
, which implies that all other sites’

contributions will be zeroed out. Second, only the entries in f̂
l�1 that were themselves

associated with the same site value for s can contribute to the j-th entry, again due

to the Hadamard product with m
l�1
s

.
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This implies that IST can co-locate at site s the computation of all entries in f̂
l�1

where m
l�1
s,i

is 1, and all entries in f̂
l where m

l

s,i
is 1. No cross-site communication

is required to compute the activations in layer l from the activations in layer l � 1.

Further, since only the entries in Wj for which m
l

s,i0m
l�1
s,i

= 1 are used at site i —

and on expectation, only 1
n2 of the weights in W

l will be used — this implies that

during an iteration of distributed backward propagation, each site needs only (and

communicates gradients for) a fraction 1
n2 of the weights in each weight matrix.

The distributed implementation of the recurrence across three sites for a feed

forward NN with three hidden layers is depicted in Figure 2.1. The convolutional NN

case is described later. The neurons in each layer are partitioned randomly across the

sites, except for the input layer, which is fully utilized at all sites and the output layer,

which computes all of the activations at the top layer.

2.1.3 Distributed Training Algorithm

Algorithm 2 IST local SGD.
Require: subnet s: W1

s
,W2

s
,W3

s
, ...i, loss `

(i)(·), # of local iters. J , learning rate ⌘,

local batch size B

1: Let W (0) = hW1
s
,W2

s
,W3

s
, ...i

2: for t = 1, . . . , J do

3: Let B be a set of B samples from local data.

4: W (t) = W (t�1) � ⌘ ·r`B(W (t�1)).

5: end for

6: Let hW1
s
,W2

s
,W3

s
, ...i = W (J)

7: Send hW1
s
,W2

s
,W3

s
, ...i to coordinator
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Algorithm 1 Independent subnet training.
1: Initialize weight matrices W

1
,W

2
, ...,W

t

2: while loss keeps improving do

3: Sample {ml

s,i
}t2{1...t�1},s2{1...,n},i2{1...,Nl}

4: /* Execute local SGDs */

5: for each site s do

6: /* Send weights to local SGD */

7: for each layer l do

8: Compute W l

s
= {W l

i,j
}s.t. m

l
s,i=1,ml�1

s,j =1

9: Send W l

s
to site s

10: end for

11: Run subnet local SGD at site s

12: end for

13: /* Retrieve results of local SGD */

14: for each site s, layer l do

15: Retrieve updated W l

s
from site s

16: for each (i, j) s.t. ml

s,i
= 1,ml�1

s,j
= 1 do

17: Update W
l by replacing W

l

i,j
with corresponding value from W l

s

18: end for

19: end for

20: end while

This suggests an algorithm for distributed learning, given in Algorithm 1 and

Algorithm 2. Algorithm 1 repeatedly samples a set of membership indicators, and

then partitions the model weights across the set of compute nodes. Since the weights
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are fully partitioned, the independent subsets can be trained separately on local data

for a number of iterations (Algorithm 2), before the indicators are re-sampled, and

the weights are re-shuffled across the nodes. Note that periodic re-sampling of the

indicators (followed by reshuffling) is necessary due to the possible accumulation

of random effects. While the recurrence of Equation.(2.2) provides for an unbiased

estimate for the input to a neuron, after backward propagation, the expected input

to a neuron will change. Since each subset is being trained using samples from the

same data distribution, this shift may be inconsistent across sites. Resampling guards

against this.

2.1.4 Correcting Distributional Shift

There is, however, a significant problem with the above formulation. Specifically,

by Equation.(2.2), I argued that n
2
P

s
m

l

s
�
⇣
W

l

⇣
m

l�1
s
� f̂

l�1
⌘⌘

is an unbiased

estimator for W l
f
l�1. Thus, it holds that f̂ l = f

⇣
n
2
P

s
m

l

s
�
⇣
W

l

⇣
m

l�1
s
� f̂

l�1
⌘⌘⌘

is a reasonable estimator for f l = f
�
W

l
f
l�1
�
. In doing so, I am guilty of applying a

form of the classical statistical fallacy that for random variable x, if E[x] = b, then

E[f(x)] ⇡ f(b).

This fallacy is dangerous when the activation f is non-linear. Because the mem-

bership indicators force subsampling the inputs to each neuron (and a scale factor

of n2 is then applied to the resulting quantity to unbias it), IST ends up increasing

the standard deviation of the input to each neuron by a factor of n during training,

compared to the standard deviation that will be observed during inference, without

the use of membership indicators. This increased variance means that IST is more

likely to observe extreme inputs to each neuron during training than during actual

deployment. The network learns to expect such extreme values and avoid saturation
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during deployment, and adapts accordingly. However, the learned network fails when

it is deployed.

To match the training and deployment distributions, IST could apply an analytic

approach. Instead, IST simply removes the n
2 correction. I.e., during training, for

a given neuron, IST compute the mean µ and standard deviation � of the inputs

to the neuron, and use a modified activation function f
0(x) = f ((x� µ)/�). Before

inference, IST can compute µ and � for each neuron over a small subset of the training

data using the full network, and use those values during deployment.

Note that this is similar to batch normalization [43] — IST can learn a scale and

shift as well. Though the motivation for its use is somewhat different. Classically, batch

normalization keeps the input in the non-saturated range of the activation function

during training. This tends to speed convergence and improve generalization. Yet,

IST will simply not work without some sort of normalization, due to the distributional

shift that will be encountered when deploying the whole network.

2.1.5 Why Is This Fast?

By subsampling, IST reduces both network traffic and compute workload. In addition,

IST allows for periods of local updates with no communication, again reducing network

traffic.

For a feed-forward NN, at each round of “classical” data parallel training, the entire

set of parameters must be broadcast to each site. Measuring the inflow to each site,

the total network traffic per gradient step is (in floating point numbers transferred):
P

t

i=1 nNi�1Ni. In contrast, during IST, each site receives the current parameters only

one time every J gradient steps. Subsampling reduces this cost further; the matrices

attached to the input and output layers are partitioned across nodes (not broadcast),
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Figure 2.2 : Comparing the cost of IST with data parallel learning.

and only a 1
n

fraction of the weights in each of the other matrices are sent to any node.

The total network traffic per gradient step is: N0N1+Nt�1Nt

J
+
P

l

i=1
Ni�1Ni

n⇥J
.

Computational resource utilization is reduced similarly. Considering the FLOPs

required by matrix multiplications during forward and backward steps, during “clas-

sical” data parallel training, the number of FLOPS required per gradient step is:

4
P

l

i=1 BNi�1Ni. In contrast, the number of FLOPS per IST gradient step is:

4BN0N1 + 4BNt�1Nt + 4B
P

l

i=1
Ni�1Ni

n
. Note that this also explains the reduction of

RAM usage for IST, which enables training of larger models.

In Figure 2.2, the average cost of each gradient step as a function of the number

of machines is plotted, assuming a feed forward NN with three hidden layers of 4,000

neurons, an input feature vector of 1,000 features, a batch size of 512 data objects, and

200 output labels, assuming J , the number of subnet local SGD steps, is 10. There

is a radical decrease in both network traffic and FLOPS using IST. In particular,

using IST both of these quantities decrease with the addition of more machines in the

cluster.
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Note that this plot does not tell the whole story, as IST may have lower (or higher)

statistical efficiency. The fact that IST partitions the network and runs local updates

may decrease efficiency, whereas the fact that each “batch” processed during IST

actually consists of n independent samples of size B (compared to a single global

sample in classical data parallel training) may tends to increase efficiency. This will

be examined experimentally.

2.1.6 IST for other Architectures

As described, IST applies to fully-connected layers. Extending the method to other

common neural constructs, such as convolutional layers, is straightforward. There

are two ways that the IST decomposition can be used with a convolutional neural

network (CNN).

The first and most straightforward way to do is to apply IST only to the fully-

connected layer(s) that make part of nearly every modern CNN architecture. The

fully-connected layers are decomposed as described in this section, but, during training,

the rest of the network is broadcast to every site. Even this simple decomposition has

significant benefits as the fully-connected layer(s) tend to be the most expensive to

move between sites during training. Consider the full ImageNet [44] for a deep model

as ResNet50: the convolutional layers have 17,614,016 parameters (67.2MB, 28.2%),

whereas the fully-connected layer at the top has 44,730,368 parameters (170.6MB,

71.8%) amenable to IST. In the experimental section of this chapter, I show that this

simple extension results in significant speedup of training VGG over the full ImageNet

dataset.

A second and almost-as-straightforward way of applying IST to a CNN architecture

is to partition the convolutional filters, by assigning non-overlapping subsets of filters
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to each of the machines in the compute cluster. This natural extension is explicitly

adopted to basic residual blocks in ResNet, where the intermediate activations are

partitioned by filter channels. In the experimental section of this chapter, I show

empirically that this natural extension can effectively leads to speedup in training

ResNet over the CFAR10 dataset.

2.2 Convergence Guarantee of IST

Consider the problem of minimizing an average of loss functions:

x
? 2 arg min

x2Rp

(
f(x) := 1

n

nX

i=1

fi(x)

)
.

Here, fi(·) denotes the contribution to the loss of the i-th data point. The components

fi(·) define the nature of the full function f : if fi’s are quadratics, one obtains the

convex linear regression problem; if fi’s model the forward pass of a neural network,

one obtains neural network inference.

In this note, the proof will consider fi functions that do not follow exactly the

architecture of a specific neural network, but satisfy general loss assumptions that

could potentially be satisfied by neural network models.

Assumption 1 (Li-smoothness) Given component fi of f function, there exists constant

Li > 0 such that for every x, y 2 Rp I have that:

krfi(x)�rfi(y)k2  Li · kx� yk2

or, equivalently,

fi(y)  fi(x) + hrfi(x), y � xi+ Li
2 kx� yk22.

Further, define Lmax := maxi Li.
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Another assumption that the proof uses in part of results is Q-Lipschitz assumption:

Assumption 2 (Q-Lipschitz continuity) Given f function, there exists constant Q > 0

such that for every x, y 2 Rp I have that:

|f(x)� f(y)|  Q · kx� yk2

or, equivalently,

krf(x)k2  Q, 8x 2 Rp
.

Two other assumptions for f functions that do not imply convexity but help as

proof convergence rate techniques are:

Assumption 3 (Error Bound) Let x? denote the global optimum of f . Then, under

the Error Bound assumption, there exists constant µ > 0 such that for every x 2 Rp I

have that:

krf(x)k2 � µkx? � xk2

Per [45], Error Bound ⌘ Polyak-Łojasiewicz inequality.

Regarding stochasticity in gradient descent, the proof will use the following general

assumptions on the boundedness of stochastic gradient variance.

Assumption 4 (Stochastic gradient variance) I assume that there are constants M,Mf >

0, such that

Eit

⇥
krfit(x)k22

⇤
M +Mfkrf(x)k22,

where fit is a randomly selected component from the sum 1
n

P
n

i=1 fi(x).

For the rest of the text, note the distinction between the general indexing term i

and the randomly selected index per SGD round, it. The differences are clear from

the context.
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2.2.1 Compressed Iterates

Following the problem formulation in [46] on compressed iterates and working on IST

in a sequentially centralized fashion, IST performs the following motions:

• Given current model xt at iteration t, IST generates a mask M : Rp ! Rp such

that:

(M(xt))i =

8
>><

>>:

xt,i

⇠
, with probability ⇠,

0, with probability 1� ⇠.

This mask deviates from the proposed model in the sense that the input and

output neurons in the neural network are always selected.

• Given mask M(·), IST generates the subnetwork as in:

yt ⌘M(xt) 2 Rp
,

where yt has zeros at the positions where neurons are deactivated for this

subnetwork at iteration t and non-zeros for the active weights. I.e., yt constitutes

a compressed version of the full model xt.

• IST performs gradient descent on the compressed yt as in:

xt+1 = yt � ⌘rfit(yt),

for ⌘ being the learning rate, and it being selected randomly from [n].

The above setting resembles that of gradient descent with compressed iterates (GDCI)

in [46]. The analysis differentiates in that this proof considers a different function

class.

Compression operators M(·). Let me describe and prove some properties of

the compression operator M(·).
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Property 1 (Unbiasedness of M(·)) The operator M : Rp ! Rp as defined above is

unbiased; i.e.,

EM [M(x) | x] = x, 8x 2 Rp

Proof 1 To see this, compute:

EM [M(x) | x] =

2

666666664

EM [(M(x))1 | x]

EM [(M(x))2 | x]
...

EM

h
(M(x))

p
| x
i

3

777777775

=

2

66666664

⇠ · x1
⇠
+ (1� ⇠) · 0

⇠ · x2
⇠
+ (1� ⇠) · 0

...

⇠ · xp

⇠
+ (1� ⇠) · 0

3

77777775

=

2

66666664

x1

x2

...

xp

3

77777775

= x

Property 2 (Bounded variance of M(·)) The operator M : Rp ! Rp has bounded

variance as in:

EM
⇥
kM(x)� xk22 | x

⇤
= 1�⇠

⇠
kxk22, 8x 2 Rp

Proof 2 First expand the squared term:

EM
⇥
kM(x)� xk22 | x

⇤
= EM

⇥
kM(x)k22 + kxk22 � 2hM(x), xi | x

⇤

= EM
⇥
kM(x)k22 | x

⇤
+ kxk22 � 2hEM [M(x) | x] , xi

= EM
⇥
kM(x)k22 | x

⇤
� kxk22

Focusing on the first term on the right hand side:

EM
⇥
kM(x)k22 | x

⇤
= EM

"
pX

i=1

(M(x))2
i
| x
#

=
pX

i=1

EM
⇥
(M(x))2

i
| x
⇤
=

pX

i=1

⇣
⇠ · x

2
i

⇠2
+ (1� ⇠) · 0

⌘

= 1
⇠

pX

i=1

x
2
i
= 1

⇠
kxk22

Combining the above to get:

EM
⇥
kM(x)� xk22 | x

⇤
= 1

⇠
kxk22 � kxk22 = 1�⇠

⇠
· kxk22
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Some assumptions for M(·) with regard to the gradient of f are as follows.

Assumption 5 (Additive gradient error assumption with bounded energy) Let xt be the

current model and let yt = M(xt) be the compressed model. Consider the stochastic

gradient term rfit(yt); I assume that, on expectation, the following additive noise

assumption holds:

EM,it [rfit(yt) | xt] = rf(xt) + "t, for "t 2 Rp such that k"tk2  B for B > 0.

A different assumption that can be made for stochastic gradient rfit(yt) is the

norm condition, used in derivative free optimization [47, 48]:

Assumption 6 (Norm condition) There is a constant ✓ 2 [0, 1) such that:

kEM,it [rfit(yt) | xt]�rf(xt)k2 = k"tk2  ✓krf(xt)k2,

where xt is the current model and yt = M(xt) is the compressed model.

2.2.2 Proof of Sequential IST

This subsection will provide the backbone of the proof; later on I will make different

assumptions that will lead to different final results. For this first part, I will only use

the basic properties of the compression operator M(·) and the L-smoothness of f .

Start with the following Lemma.

Lemma 1 Let yt = M(xt). Then, for x
? the optimal point for f , it holds:

EM
⇥
kyt � xtk22 | xt

⇤
 2(1�⇠)

⇠
kxt � x

?k22 +
2(1�⇠)

⇠
kx?k22.

Proof 3 By Property 2:

EM
⇥
kyt � xtk22 | xt

⇤
= 1�⇠

⇠
kxtk22.
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Combining this with the property that:

kxtk22 = kxt � x
? + x

?k22  2kxt � x
?k22 + 2kx?k22,

The reported result is obtained.

Moreover, I also state the following Lemma, which is used in most proofs below.

Lemma 2 Let yt = M(xt). Then,

EM,it

⇥
kyt � xt � ⌘rfit(yt)k22 | xt

⇤
4(1+⌘

2
L
2
max)(1�⇠)
⇠

�
kxt � x

?k22 + kx?k22
�

+ 2⌘2Eit

⇥
krfit(xt)k22 | xt

⇤
.

Proof 4 For any z 2 Rp:

EM,it

⇥
kyt � xt � ⌘rfit(yt)k22 | xt

⇤

=EM,it

⇥
kyt � xt � ⌘rfit(z) + ⌘rfit(z)� ⌘rfit(yt)k22 | xt

⇤

2 · EM,it

⇥
kyt � xt � ⌘rfit(z)k22 | xt

⇤
+ 2⌘2 · EM,it

⇥
krfit(z)�rfit(yt)k22 | xt

⇤

=2 · EM,it

⇥
kyt � xtk22 + ⌘

2krfit(z)k22 � 2⌘ · hrfit(z), yt � xti | xt

⇤

+ 2⌘2 · EM,it

⇥
krfit(z)�rfit(yt)k22 | xt

⇤

Observe that

EM,it [hrfit(z), yt � xti | xt] = hEit [rfit(z)] ,EM [yt | xt]� xti

= hrf(z), xt � xti = 0

due to Property 1. Then:

EM,it

⇥
kyt � xt � ⌘rf(yt)k22 | xt

⇤
 2 · EM

⇥
kyt � xtk22 | xt

⇤
+ 2⌘2Eit

⇥
krfit(z)k22 | xt

⇤

+ 2⌘2 · EM,it

⇥
krfit(z)�rfit(yt)k22 | xt

⇤
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By Li-smoothness:

EM,it

⇥
krf(z)�rf(yt)k22 | xt

⇤

 EM,it

⇥
L
2
it
· kz � ytk22 | xt

⇤

 L
2
max · EM,it

⇥
kz � ytk22 | xt

⇤

 L
2
max · EM

⇥
kz � xt + xt � ytk22 | xt

⇤

= L
2
max · EM

⇥
kz � xtk22 + kxt � ytk22 + 2hz � xt, xt � yti | xt

⇤

= L
2
max · EM

⇥
kz � xtk22 | xt

⇤
+ L

2
max · EM

⇥
kxt � ytk22 | xt

⇤

In the above, Property 1 is used to get EM [yt | xt] = xt. Using this result in the

expression above to get:

EM,it

⇥
kyt � xt � ⌘rfit(yt)k22 | xt

⇤

2 · EM
⇥
kyt � xtk22 | xt

⇤
+ 2⌘2Eit

⇥
krfit(z)k22 | xt

⇤

+ 2⌘2 · L2
max ·

�
EM

⇥
kz � xtk22 | xt

⇤
+ EM

⇥
kxt � ytk22 | xt

⇤�

=2(1 + ⌘
2
L
2
max) · EM

⇥
kyt � xtk22 | xt

⇤
+ 2⌘2Eit

⇥
krfit(z)k22 | xt

⇤

+ 2⌘2 · L2
max · EM

⇥
kz � xtk22 | xt

⇤

The above expression holds for any z 2 Rp, and thus it will hold for z = xt. In this

case, the above inequality becomes:

EM,it

⇥
kyt � xt � ⌘rfit(yt)k22 | xt

⇤
2(1 + ⌘

2
L
2
max) · EM

⇥
kyt � xtk22 | xt

⇤

+ 2⌘2Eit

⇥
krfit(xt)k22 | xt

⇤

Finally, using Lemma 1, the desired inequality is obtained.

The following lemma leads to a general recursion over function values, that will

lead to specific convergence rate guarantees later on, based on additional assumptions.
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Lemma 3 Let f be L-smooth, and consider the recursion over compressed iterates:

xt+1 = yt � ⌘rfit(yt), where yt = M(xt).

Then the following recursion holds:

EM,it [f(xt+1) | xt] f(xt)� ⌘ · hrf(xt),EM,it [rfit(yt) | xt]i

+ Li
2 · EM,it

⇥
kyt � ⌘rfit(yt)� xtk22 | xt

⇤
,

where the expectation is over the random selection on the compression operator M(·)

and the stochasticity of the gradient.

Proof 5 Starting from the Li-smoothness condition, the expectation with respect to

M, it at time t is:

EM,it [f(xt+1) | xt]

EM,it

⇥
f(xt) + hrfit(xt), xt+1 � xti+ Li

2 kxt+1 � xtk22 | xt

⇤

=EM,it [f(xt) | xt] + EM,it [hrfit(xt), xt+1 � xti | xt] +
Li
2 · EM,it

⇥
kxt+1 � xtk22 | xt

⇤

=f(xt) + EM,it [hrfit(xt), yt � ⌘rfit(yt)� xti | xt] +
Li
2 · EM,it

⇥
kyt � ⌘rfit(yt)� xtk22 | xt

⇤

=f(xt) + EM,it [hrfit(xt), yt � xti | xt]� ⌘ · EM,it [hrfit(xt),rfit(yt)i | xt]

+ Li
2 · EM,it

⇥
kyt � ⌘rf(yt)� xtk22 | xt

⇤

=f(xt) + hEit [rfit(xt) | xt],EM [yt | xt]� xti � ⌘ · hEit [rfit(xt) | xt],EM,it [rfit(yt) | xt]i

+ Li
2 · EM,it

⇥
kyt � ⌘rfit(yt)� xtk22 | xt

⇤

Property 1
= f(xt)� ⌘ · hrf(xt),EM,it [rfit(yt) | xt]i+ Li

2 · EM,it

⇥
kyt � ⌘rfit(yt)� xtk22 | xt

⇤

In the last step, the unbiasedness of the stochastic gradient is applied.

The proof will branch out for different assumptions. I begin with the following

“cocktail” of assumptions.
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Theorem 1 Let f := 1
n

P
n

i=1 fi(x) has Li-smooth components fi for Lmax := maxi Li,

and consider the recursion over compressed iterates:

xt+1 = yt � ⌘rfit(yt), where yt = M(xt).

In additional to Lemma 3, I further assume that f is Q-Lipschitz, and satisfies the

Error Bound with parameter µ > 0. Further, the recursion should satisfy the gradient

boundedness Assumption 4 for M > 0 and 0 < Mf < 1. Finally, assume that

the operator mask, along with f , satisfy the additive gradient error assumption with

bounded energy such that:

EM,it [rfit(yt) | xt] = rf(xt) + "t, for "t 2 Rp such that k"tk2  B for B > 0.

Then, after running the above recursion for T iterations for step size ⌘ = 1
2Lmax

, one

can obtain:

min
t2{0,...,T}

EM,it

⇥
krf(xt)k22

⇤
 f(x0)�f(x?)

↵(T+1) + 1
↵
·
⇣

BQ

2Lmax
+ 5Lmax!

2 · kx?k22 + M

4Lmax

⌘

where the expectation is over the random selection on the compression operator M(·)

and the stochastic selection it, ↵ = 1
2Lmax

⇣
1� Mf

2

⌘
� 5!Lmax

2µ2 , and ! = 1�⇠

⇠
<

µ
2

10L2
max

.

Proof 6 By Lemma 3, the following holds:

EM,it [f(xt+1) | xt] f(xt)� ⌘ · hrf(xt),EM,it [rfit(yt) | xt]i

+ Li
2 · EM,it

⇥
kyt � ⌘rfit(yt)� xtk22 | xt

⇤
,

Using the additive gradient noise assumption EM,it [rfit(yt) | xt] = rf(xt) + "t to

have:
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EM,it [f(xt+1) | xt]

f(xt)� ⌘ · hrf(xt),rf(xt) + "ti+ Li
2 · EM,it

⇥
kyt � ⌘rfit(yt)� xtk22 | xt

⇤

=f(xt)� ⌘ · krf(xt)k22 � ⌘hrf(xt), "ti+ Li
2 · EM,it

⇥
kyt � ⌘rfit(yt)� xtk22 | xt

⇤

Lemma 2
 f(xt)� ⌘ · krf(xt)k22 � ⌘hrf(xt), "ti

+ Li
2 ·
⇣

4(1+⌘
2
L
2
max)(1�⇠)
⇠

�
kxt � x

?k22 + kx?k22
�
+ 2⌘2Eit

⇥
krfit(xt)k22 | xt

⇤⌘

LiLmax

 f(xt)� ⌘ · krf(xt)k22 � ⌘hrf(xt), "ti

+ Lmax
2 ·

⇣
4(1+⌘

2
L
2
max)(1�⇠)
⇠

�
kxt � x

?k22 + kx?k22
�
+ 2⌘2Eit

⇥
krfit(xt)k22 | xt

⇤⌘

Assumption 4
 f(xt)� ⌘ · krf(xt)k22 � ⌘hrf(xt), "ti

+ Lmax
2 ·

⇣
4(1+⌘

2
L
2
max)(1�⇠)
⇠

�
kxt � x

?k22 + kx?k22
�
+ 2⌘2

�
M +Mfkrf(xt)k22

�⌘

=f(xt)� ⌘(1� ⌘LmaxMf ) · krf(xt)k22 � ⌘hrf(xt), "ti

+ 2Lmax(1+⌘
2
L
2
max)(1�⇠)

⇠

�
kxt � x

?k22 + kx?k22
�
+ Lmax⌘

2
M

Error Bound
 f(xt)� ⌘(1� ⌘LmaxMf ) · krf(xt)k22 � ⌘hrf(xt), "ti

+ 2Lmax(1+⌘
2
L
2
max)(1�⇠)

⇠
· 1
µ2 · krf(xt)k22 +

2Lmax(1+⌘
2
L
2
max)(1�⇠)

⇠
kx?k22 + Lmax⌘

2
M

To simplify notation, define ! = 1�⇠

⇠
. Rearranging the terms in the inequality

above to obtain:

EM,it [f(xt+1) | xt]  f(xt)�
⇣
⌘(1� ⌘LmaxMf )� 2Lmax(1 + ⌘

2
L
2
max) · !

µ2

⌘
· krf(xt)k22

� ⌘hrf(xt), "ti+ 2!Lmax(1 + ⌘
2
L
2
max)kx?k22 + Lmax⌘

2
M

Define g(⌘) = ⌘(1� ⌘LmaxMf )� 2Lmax(1 + ⌘
2
L
2
max) · !

µ2 which is a quadratic function.

Set the step size as in ⌘ = 1
2Lmax

, which is a reasonable assumption based on convex

optimization criteria. Then,

g

⇣
1

2Lmax

⌘
= 1

2Lmax

⇣
1� Mf

2

⌘
� 5Lmax!

2µ2 ⌘ ↵.
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For the proof, IST requires ↵ > 0; according to the assumptions, 1�Mf

2 >
1
2 )Mf < 1.

This further leads to the requirement that 1�⇠

⇠
<

µ
2

10L2
max

. The above result into:

EM,it [f(xt+1) | xt]

f(xt)� ↵ · krf(xt)k22 � ⌘hrf(xt), "ti+ 2!Lmax(1 + ⌘
2
L
2
max)kx?k22 + Lmax⌘

2
M

Cauchy-Schwarz
 f(xt)� ↵ · krf(xt)k22 + ⌘ · krf(xt)k2 · k"tk2

+ 2!Lmax(1 + ⌘
2
L
2
max)kx?k22 + Lmax⌘

2
M

⌘ = 1
2Lmax= f(xt)� ↵ · krf(xt)k22 + 1

2Lmax
· krf(xt)k2 · k"tk2

+ 5Lmax!

2 · kx?k22 + M

4Lmax

Q-Lipschitz
 f(xt)� ↵ · krf(xt)k22 + Q

2Lmax
· k"tk2 + 5Lmax!

2 · kx?k22 + M

4Lmax

k"tk2B

 f(xt)� ↵ · krf(xt)k22 + BQ

2Lmax
+ 5Lmax!

2 · kx?k22 + M

4Lmax

Using the law of total expectation E[X] = E[E[X | Y ]] to have:

E [f(xt+1)] = E [E [f(xt+1) | xt]]

and thus:

EM,it [f(xt+1)]  EM,it [f(xt)]� ↵ · EM,it

⇥
krf(xt)k22

⇤
+ BQ

2L + 5Lmax!

2 · kx?k22 + M

4Lmax

Using the fact that f(x?)  EM,it [f(xT+1)], and telescoping over T iterations to obtain:

f(x?)  EM,it [f(xT+1)] f(x0)� ↵

TX

t=0

EM,it

⇥
krf(xt)k22

⇤

+ (T + 1) ·
⇣

BQ

2L + 5Lmax!

2 · kx?k22 + M

4Lmax

⌘

which further leads to:

TX

t=0

EM,it

⇥
krf(xt)k22

⇤
 f(x0)�f(x?)

↵
+ T+1

↵
·
⇣

BQ

2L + 5Lmax!

2 · kx?k22 + M

4Lmax

⌘
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Observe that: (T +1) ·mint2{0,...,T} EM,it [krf(xt)k22] 
P

T

t=0 EM,it [krf(xt)k22], which

leads to the final result:

min
t2{0,...,T}

EM,it

⇥
krf(xt)k22

⇤
 f(x0)�f(x?)

↵(T+1) + 1
↵
·
⇣

BQ

2L + 5Lmax!

2 · kx?k22 + M

4Lmax

⌘

In the following corollary, I exchange the bounded assumption k"tk2  B and

Q-Lipschitzness, with the norm condition in Assumption 6.

Corollary 1 Let f be L-smooth, and consider the recursion over compressed iterates:

xt+1 = yt � ⌘rfit(yt), where yt = M(xt).

In additional to Lemma 3, I further assume that the operator mask, along with f ,

satisfy the norm condition Assumption 6 with parameter ✓ 2 [0, 1). Then, after

running the above recursion for T iterations for step size ⌘ = 1
2Lmax

to obtain:

min
t2{0,...,T}

EM,it

⇥
krf(xt)k22

⇤
 f(x0)�f(x?)

↵(T+1) + 1
↵
·
⇣

5Lmax!

2 · kx?k22 + M

4Lmax

⌘

where the expectation is over the random selection on the compression operator M(·),

↵ = 1
2Lmax

⇣
1
2 � ✓ � Mf

2

⌘
� 5Lmax

2 · !

µ2 , and ! = 1�⇠

⇠
<

µ
2

5L2
max

✓
1
2�✓�

Mf

2

◆ .

Proof 7 By Theorem 1:
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EM,it [f(xt+1) | xt]

f(xt)�
⇣
⌘(1� ⌘LmaxMf )� 2Lmax(1 + ⌘

2
L
2
max) · !

µ2

⌘
· krf(xt)k22

� ⌘hrf(xt),EM,it ["t | xt]i+ 2!Lmax(1 + ⌘
2
L
2
max)kx?k22 + Lmax⌘

2
M

Cauchy-Schwarz
 f(xt)�

⇣
⌘(1� ⌘LmaxMf )� 2Lmax(1 + ⌘

2
L
2
max) · !

µ2

⌘
· krf(xt)k22

+ ⌘krf(xt)k2 · kEM,it ["t | xt]k2 + 2!Lmax(1 + ⌘
2
L
2
max)kx?k22 + Lmax⌘

2
M

=f(xt)�
⇣
⌘(1� ⌘LmaxMf )� 2Lmax(1 + ⌘

2
L
2
max) · !

µ2

⌘
· krf(xt)k22

+ ⌘krf(xt)k2 · kEM,it [rfit(yt) | xt]�rf(xt)k2

+ 2!Lmax(1 + ⌘
2
L
2
max)kx?k22 + Lmax⌘

2
M

Norm condition
 f(xt)�

⇣
⌘(1� ⌘LmaxMf )� 2Lmax(1 + ⌘

2
L
2
max) · !

µ2

⌘
· krf(xt)k22

+ ⌘✓krf(xt)k22 + 2!Lmax(1 + ⌘
2
L
2
max)kx?k22 + Lmax⌘

2
M

= f(xt)�
⇣
⌘(1� ✓ � ⌘LmaxMf )� 2Lmax(1 + ⌘

2
L
2
max) · !

µ2

⌘
· krf(xt)k22

+ 2!Lmax(1 + ⌘
2
L
2
max)kx?k22 + Lmax⌘

2
M

For coherence, assume that ⌘ = 1
2Lmax

. Following the same procedure I obtain,

define g

⇣
1

2Lmax

⌘
⌘ ↵ = 1

2Lmax

⇣
1
2 � ✓ � Mf

2

⌘
� 5Lmax

2 · !

µ2 . Observe that ↵ > 0 when

! <
µ
2

5L2
max

✓
1
2�✓�

Mf

2

◆ . Then, with similar reasoning with Theorem 1, telescope the

inequality to obtain:

min
t2{0,...,T}

EM,it

⇥
krf(xt)k22

⇤
 f(x0)�f(x?)

↵(T+1) + 1
↵
·
⇣

5Lmax!

2 · kx?k22 + M

4Lmax

⌘

2.3 Empirical Evaluation

In this section, a set of experiments are designed to show the potential benefit of

the IST approach when the goal is distributed training in a public cloud, with a
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relatively slow network but where fast CPUs and GPUs are available. To do this, IST

is compared with data parallel learning and local SGD [27], on a variety of learning

tasks and neural architectures.

2.3.1 Learning Tasks and Environment

The following tasks are applied in empirical evaluation.

• Google Speech Commands [49]: a 2-layer network of 4096 neurons and a 3-layer

network of 8192 neurons are learned to recognize 35 labeled keywords from audio

wave-forms (in contrast to the 12 keywords in prior reports [49]). Each waveform

is represented as a 4096-dimensional feature vector [50].

• Image classification on CIFAR10 and full ImageNet [51, 52]: the ResNet18

model over CIFAR10, and the VGG12 model over full ImageNet are trained

(see Section 2.1.6 for a discussion of IST and non-fully connected architectures).

Note that the complete ImageNet dataset is included with all 21, 841

categories and report the top-10 accuracy. Because it is so difficult to

train, there are few reported results over the complete ImageNet data set.

• Amazon-670k [53]: a 2-layer, fully-connected neural network is trained, which

accepts a 135, 909-dimensional input feature, and generates a prediction over

670, 091 output labels.

The Google speech and ResNet18 on CIFAR10 are trained over three AWS CPU

clusters, with 2, 4, and 8 CPU instances (m5.2xlarge). The VGG12 model on full

ImageNet and Amazon-670k extreme classification network are trained over three

AWS GPU clusters, with 2, 4, and 8 GPU machines (p3.2xlarge). The choice of
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AWS was deliberate, as it is a very common learning platform, and illustrates the

challenge faced by many consumers: distributed ML without a super-fast interconnect.
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Figure 2.3 : Scaling comparison of data parallel, local SGD and IST.

2.3.2 Distributed Implementation Notes

I implement a distributed parameter server for IST in PyTorch. I compare IST to

the PyTorch implementation of data parallel learning. I also adapt the PyTorch data

parallel learning to realize local SGD [27], where learning occurs locally for a number

of iterations before synchronizing.
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Figure 2.4 : Test accuracy vs. time.

For the CPU experiments, PyTorch’s gloo backend is used. For the GPU exper-

iments, data parallel learning and local SGD use PyTorch’s nccl backend, which

leverages the most advanced Nvidia collective communication library (the set of

high-performance multi-GPU and multi-node collective communication primitives

optimized for Nvidia GPUs). Nccl implements ring-based all-reduce [26], which is

used in well-known distributed learning systems such as Horovod [54].

Unfortunately, IST cannot use the nccl backend: it does not support the scatter

operator required to implement IST, likely because the deep learning community has

focused on data parallel learning. As a result, IST must use the gloo backend (meant

for CPU-based learning). This is a serious handicap for IST, though I emphasize that
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it is not the result of any intrinsic flaw of the method, it is merely a lack of support

for required operations in the high-performance GPU library.

2.3.3 Experimental Results

The experimental results are summarized below:

Scalability. I first investigate the relative scaling of IST compared to the alternatives,

with an increasing number of EC2 workers. For various configurations I time how

long each of the distributed learning frameworks take to complete one training epoch.

Figure 2.3 gives the results.

Convergence speed. While IST can process data quickly, there are questions

regarding its statistical efficiency vis-a-vis the other methods, and how this affects

convergence. Figure 2.4 plots the hold-out test accuracy for selected benchmarks as a

function of time. 2-/3- layer Google speech models are trained using an 8-CPU cluster;

ResNet18 on CIFAR10 is trained using 4-CPU cluster; VGG12 on full ImageNet is

trained using a 8-GPU cluster. The number after local SGD or IST legend represents

the local update iterations.

Table 2.1 shows the training time required for the various methods to reach specified

levels of hold-out test accuracy. The speedup is calculated by comparing with the

training time for one epoch to 1-worker SGD. The number after local SGD or IST

legend represents the local update iterations.

Trained model accuracy. Because IST is inherently a model-parallel training

method, it has certain advantages, including the ability to scale to large models. the

relationship between the embedding dimensions and the hold-out test performance is

studied for the Amazon-670k recommendation task in a 8-GPU cluster. The precisions

@1, @3, and @5 are reported in Table 2.2. In Table 2.3 the final accuracy of each
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method is reported, trained on a 2-node cluster.

Google Speech 2 Layer

Data Parallel Local SGD IST

Accuracy 2 Node 4 Node 8 Node 2 Node 4 Node 8 Node 2 Node 4 Node 8 Node

0.63 118 269 450 68 130 235 35 28 24

0.75 759 1708 2417 444 742 1110 231 167 192

Google Speech 3 Layer

Data Parallel Local SGD IST

Accuracy 2 Node 4 Node 8 Node 2 Node 4 Node 8 Node 2 Node 4 Node 8 Node

0.63 376 1228 1922 182 586 1115 76 141 300

0.75 4534 9340 14886 2032 4107 6539 812 664 1161

CIFAR10 Resnet18

Data Parallel Local SGD IST

Accuracy 2 Node 4 Node 8 Node 2 Node 4 Node 8 Node 2 Node 4 Node 8 Node

0.85 21775 13689 6890 18769 12744 7020 15093 7852 5241

0.90 54002 38430 17853 36891 22198 12157 33345 16798 13425

Full ImageNet VGG12

Data Parallel Local SGD IST

Accuracy 2 Node 4 Node 8 Node 2 Node 4 Node 8 Node 2 Node 4 Node 8 Node

0.20 108040 278542 504805 6900 14698 30441 3629 4379 5954

0.26 225911 393279 637188 15053 22055 39439 6189 7711 10622

Table 2.1 : The time (in seconds) to reach various levels of accuracy.

2.3.4 Discussion

There are a few takeaways from the experimental results. First, as expected, there are

significant advantages to IST in terms of being able to process data quickly. Figure

2.3 shows that IST is able to process far more data in a short amount of time than

the other distributed training algorithm. Interestingly, I find that the IST speedups in

CPU clusters are more significant than that in GPU clusters. There are two reasons

for this. First, for GPU clusters, IST suffers from its use of PyTorch’s gloo backend,
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compared to the all-reduce operator provided by nccl. Second, since the GPU

provides a very high level of computation, there is less benefit to be realized from the

reduction in FLOPS per gradient step using IST (as the GPU does not appear to be

compute bound).

Figure 2.4 and Table 2.1 generally show that IST is much faster compared to the

other frameworks for achieving high levels of accuracy on a hold-out test set. For

example, IST exhibits a 4.2⇥ speedup compared to local SGD, and 10.6⇥ speedup

compared to classical data parallel for the 2-layer Google speech model to reach 77%.

IST exhibits 6.1⇥ speedup compared to local SGD, and a 16.6⇥ speedup comparing

to data parallel for the 3-layer model to reach the accuracy of 77%. Note that this

was observed even though IST was handicapped by its use of gloo for its GPU

implementation. Interestingly, for the full ImageNet data set, the communication

bottleneck using AWS is so severe that the smaller clusters were always faster; at

each cluster size, IST was still the fastest option. For CFAR10, because CPUs were

used for training, the network is less of a bottleneck and all methods were able to

scale. This negates the IST advantage just a bit. In this case, IST was fastest to 85%

accuracy, but was slower to fine-tune to 90% accuracy in 8-CPU cluster.
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Data Parallel IST

Dim P@1 P@3 P@5 P@1 P@3 P@5

512 0.3861 0.3454 0.3164 0.3962 0.3604 0.3313

1024 Fail 0.4089 0.3685 0.3392

1536 Fail 0.4320 0.3907 0.3614

2048 Fail 0.4365 0.3936 0.3637

2560 Fail 0.4384 0.3944 0.3658

Table 2.2 : Precisions @1, @3, @5 on the Amazon 670k benchmark.

Another key advantage of IST is illustrated in Table 2.2; because it is a model-

parallel framework and distributes the model to multiple machines, IST is able to

scale to virtually unlimited model sizes. In this case, it can compute 2560-dimensional

embedding in 8-GPU cluster (and realize the associated, additional accuracy) whereas

the data parallel approaches are unable to do this.

Data Parallel Local SGD IST

Speech 2 layer 0.7938 0.7998 0.8153

Speech 3 layer 0.7950 0.7992 0.8327

CIFAR10 Resnet18 0.9128 0.9087 0.9102

Full Imagenet VGG12 0.3688 0.3685 0.3802

Table 2.3 : Final accuracy on each benchmark.

It is interesting that some of the frameworks actually do worse with additional

machines, especially with a fast GPU. This illustrates a significant problem with

distributed learning. Unless a super-fast interconnect is used (and such interconnects

are not available from typical cloud providers), it can actually be detrimental to add

additional machines, as the added cost of transferring data can actually result in
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slower running times. This is clearly observed in Table 2.1, where the state-of-the-art

PyTorch data parallel implementation (and the local SGD variant) does significantly

worse with more machines. IST shows the best potential to utilize additional machines

without actually becoming much slower or slower to reach high accuracy.

Finally, note that various compression schemes can be used to increase the band-

width of the interconnect (e.g., gradient sparsification [55], quantization [56], sketching

[57], and low-rank compression [58]). However, these methods could be used with any

framework — including IST. It is reasonable to conjecture that while compression

may allow effective scaling to larger clusters, it would not affect the efficacy of IST.

2.4 Summary

In this chapter, I introduce independent subnet training for distributed training

of neural networks. By stochastically partitioning the model into non-overlapping

subnets, IST reduces the communication overhead for model synchronization, and

the computation workload of forward-backward propagation for a thinner model on

each worker. This results in two advances: i) IST significantly accelerates the training

process comparing with standard data parallel approaches for distributed learning,

and ii) IST scales to large models that cannot be learned using standard data parallel

approaches.
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Chapter 3

Tensor Relational Algebra

In this chapter, I propose a simple and concise tensor relational algebra over so-called

tensor relations. At the highest level, a tensor relation is simply a binary relation

between keys and multi-dimensional arrays.

There are some key reasons that this makes sense as the implementation abstraction

in ML system design. Crucially, just like the relational algebra, it is a set-based

abstraction whose operations are easily parallelized in the same way that relational

algebra is parallelized. Because it is designed to facilitate “chunking” of tensors into

smaller pieces that can be operated over using efficient CPU or GPU kernels, it is by

design easy to implement efficiently across multiple machines or ASICs. Second, like

the relational algebra, it is simple and concise, so it should be possible to optimize ad

infinitum. Finally, it is powerful. It is easy to prove that the tensor relational algebra

is at least as powerful as the Einstein notation, a standard tensor calculus. Hence,

it can be used to implement anything that can be written in the Einstein notation

(including matrix multiplications, convolutions, and so on).

This chapter will discuss the TRA as well as an implementation algebra (IA) which

is easy to implement in a distributed system. I consider how computations in the TRA

can be transformed into computations in the IA, and propose a set of transformations

or equivalences that allow re-writes of computations in the IA. Finally, a prototype

implementation of the IA is provided to show that these system design can enable

efficient, distributed implementations of several ML computations, which can reach or
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even significantly outperform the existing HPC and ML systems, such as ScaLAPACK

and PyTorch.

3.1 Tensor Relational Algebra

The TRA operates over tensor relations. Tensor relations contain pairs of the form:

(key, array).

Conceptually, these tensor relations store sets of arrays. Each key value serves, not

surprisingly, as the key for the pair. Each tensor relation has the following meta-data

and constraints:

1. Each tensor relation has a key-arity of dimension k, so that each key value key

in a relation is in (Z⇤)k.

2. Each relation has an array type. Conceptually, each array is a multi-dimensional

tensor. The relation array type consists of a rank r 2 Z⇤ as well as a bound

b 2 (Z⇤)r. For two vectors u = huii and v = hvii, define u  v ⌘ ^i (ui  vi).

Define u < v similarly. Each array is bounded by vector b, so that for any index

i 2 (Z⇤)r, ~0  i < b =) arrayi 2 R. However, ¬(~0  i < b) =) arrayi = ?.

That is, for any index i outside of the bound, arrayi is undefined.

Denote the set of all arrays of rank r and bound b as T
(r,b). Denote the power

set of (Z⇤)k ⇥ T
(r,b) as R

(k,r,b); this is the set of all possible tensor relations with

k-dimensional keys, storing arrays of type T
(r,b).

3.1.1 Operations in Tensor Relational Algebra

Given this, the TRA is essentially a set of higher-order functions over tensor relations.

That is, each operation takes as input a kernel function defined over multi-dimensional
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arrays (in practice, this function is likely be an array-based MKL, CUDA, or Verilog

kernel) and returns a function over tensor relations.

The introduction begins by giving an overview of the higher-order functions taking

binary functions as input: aggregation (denoted using ⌃) and join (denoted using 1).

(1) Aggregation is a function:

⌃ :
�
(Z⇤)g ⇥

�
T

(r,b) ⇥ T
(r,b) ! T

(r,b)��

!
�
R

(k,r,b) ! R
(g,r,b)�

⌃(groupByKeys, aggOp) takes as input a list of key dimensions to aggregate according to

groupByKeys as well as an array kernel operation aggOp, and then returns a function

that takes as input a tensor relation, groups the arrays in the relation based upon the

indicated key values, and applies aggOp to the arrays in the group.

For example, consider the matrix A,

A =

2

66666664

1 2 5 6

3 4 7 8

9 10 13 14

11 12 15 16

3

77777775

,

which may be stored as a tensor relation

RA =

(0

B@h0, 0i,

2

64
1 2

3 4

3

75

1

CA ,

0

B@h0, 1i,

2

64
5 6

7 8

3

75

1

CA ,

0

B@h1, 0i,

2

64
9 10

11 12

3

75

1

CA ,

0

B@h1, 1i,

2

64
13 14

15 16

3

75

1

CA

)
.

One can sum up the individual arrays vertically using

⌃(h1i,matAdd)(RA)
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which gives: 8
><

>:

0

B@h0i,

2

64
10 12

14 16

3

75

1

CA ,

0

B@h1i,

2

64
18 20

22 24

3

75

1

CA

9
>=

>;
.

Because of the argument h1i, the call ⌃(h1i,matAdd) constructs an aggregation function

that groups all pairs having the same value for the key in position 1, and sums them.

Or one can sum up the individual arrays into a single array using:

⌃(hi,matAdd)(RA)

which gives: 8
><

>:

0

B@hi,

2

64
28 32

36 40

3

75

1

CA

9
>=

>;
.

(2) Join is a function:

1:

✓
(Z⇤)g ⇥ (Z⇤)g ⇥

�
T

(rl,bl) ⇥ T
(rr,br) ! T

(ro,bo)
�◆

!
�
R

(kl,rl,bl) ⇥R
(kr,rr,br) ! R

(kl+kr�g,ro,bo)
�

1(joinKeysL, joinKeysR, projOp) takes as input a set of key dimensions to join on from

the left and from the right, as well as an operation to run over all (leftArray,

rightArray) pairs that are created during the join, and returns a function that

performs the join and applies projOp to all pairs. Similar to a natural join in classical

databases systems, the output key is all of the key values from the left input, with all

of the key values from the right input appended to them, subject to the constraint

that no value in joinKeysR is repeated a second time.

With join and aggregation one may implement matrix multiply over two matrices

stored as tensor relations. Imagine to implement A ⇥A for the matrix A defined

previously, where A is stored as a tensor relation RA. This can be written as:

⌃(h0,2i,matAdd)
�
1(h1i,h0i,matMul) (RA, RA)

�
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This computes a matrix multiply of the matrix A because all of the pairs in RA are

first joined on key index 1 from the first instance of RA equaling key index 0 from

the second instance of RA. Each pair of arrays are then multiplied using the kernel

matMul. For example,
0

B@h0, 1i,

2

64
5 6

7 8

3

75

1

CA and

0

B@h1, 0i,

2

64
9 10

11 12

3

75

1

CA

are joined to produce 0

B@h0, 1, 0i,

2

64
111 122

151 166

3

75

1

CA .

The index h0, 1, 0i in this output pair is a combination of h0, 1i and h1, 0i from the two

input pairs, with the redundant index entry dropped (redundant because it is known

that two of the entries in positions 1 and 0, respectively, are repeated due to the join).

Next, the arrays are aggregated using matAdd, summing out index 1 (keeping indices

h0, 2i as groupByKeys), to complete the matrix multiply.

In contrast to join and aggregation, rekey, filter and transform are higher-order

functions taking a unary function as input.

(3) ReKey allows manipulation of keys:

ReKey :
�
(Z⇤)ki ! (Z⇤)ko

�
!
�
R

(ki,r,b) ! R
(ko,r,b)

�

ReKey(keyFunc) applies the keyFunc on every key in the relation and generates a new

key.

(4) Filter is a function:

� :
⇣
(Z⇤)k ! {true, false}

⌘
!
�
R

(k,r,b) ! R
(k,r,b)�

�(boolFunc) returns a function that accepts a tensor relation and filters each of the

tuples in the tensor relation by applying boolFunc to the keys in the tuples.
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(5) Transform is a function:

� :
⇣
T

(ri,bi) ! T
(ro,bo)

⌘
!
�
R

(k,ri,bi) ! R
(k,ro,bo)

�

�(transformFunc) returns a function that accepts a tensor relation and applies the kernel

function transformFunc to the array in each tuple from the tensor relation.

For an example of the rekey, filter and transform operations, assume one has a kernel

operation diag that diagonalizes a matrix block, a function isEq(hk0, k1)i 7! k0 = k1

that accepts a key and returns true if entries in position 0 and 1 in the key are

identical to one another, and a function getKey0(hk0, k1i) 7! hk0i that returns the first

dimension of a key. One can use these functions along with filter, rekay, and transform

to diagonalize a matrix A represented as a tensor relation RA, by first examining the

keys to remove all pairs that do not contain entries along the diagonal, and then

diagonalizing the resulting arrays:

�(diag)

�
ReKey(getKey0)

�
�(isEq) (RA)

��
.

In addition, there are a number of operations that can be used to alter the

organization of arrays within a tensor relation. This allows the manipulation of how a

tensor is represented as a tensor relation. For this purpose, tile and concat are defined:

(6) Tile:

Tile : (Z⇤ ⇥ Z⇤)!
⇣
R

(k,r,b) ! R
(k+1,r,b0)

⌘

Tile(tDim, tSize) returns a function that decomposes (or tiles) each array along a

dimension tDim to arrays of the target tSize (by applying the arrayTileOp function

on the array). As a result, a new key dimension is created, that effectively counts

which tile the tuples holds along the tiling dimension.
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For example, consider the matrix B,

B =

2

64
1 2 5 6 9 10 13 14

3 4 7 8 11 12 15 16

3

75 ,

stored in tensor relation:

RB =

8
><

>:

0

B@h0i,

2

64
1 2 5 6

3 4 7 8

3

75

1

CA ,

0

B@h1i,

2

64
9 10 13 14

11 12 15 16

3

75

1

CA

9
>=

>;

If one makes the call Tile(1,2) (RB), one will decompose each array along dimension 1,

creating one new array for each two columns. In addition, a new key dimension is

created, that effectively counts which tile the pair holds along the tiling dimension:

Tile(1,2) (RB) =

(0

B@h0, 0i,

2

64
1 2

3 4

3

75

1

CA ,

0

B@h0, 1i,

2

64
5 6

7 8

3

75

1

CA ,

0

B@h1, 0i,

2

64
9 10

11 12

3

75

1

CA ,

0

B@h1, 1i,

2

64
13 14

15 16

3

75

1

CA

)
.

Note that the interpretation of a tensor relation as a representation of one or more

tensors is not defined; this interpretation is the result of the mapping from the ML

system’s computational abstraction (such as Einstein notation or Ricci calculus) onto

the tensor-relation-based implementation abstraction. Whatever the mapping, one

may find himself in a situation where it is necessary to manipulate the key in each pair

in a tensor relation so that the key is consistent with the desired interpretation. For

example, the tensor relation RB defined above represents a matrix with eight columns

and two rows, so Tile(1,2) (RB) is inconsistent with this, logically representing a matrix

having four columns and four rows. For this purpose, the ReKey operator can be

leveraged as defined before.
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For example, one can rekey the output of Tile(1,2) (RB) so that logically, it corre-

sponds to a two-by-eight matrix:

ReKey(hk0,k1i!h2k0+k1i)
�
Tile(1,2) (RB)

�

This will result in:

(0

B@h0i,

2

64
1 2

3 4

3

75

1

CA ,

0

B@h1i,

2

64
5 6

7 8

3

75

1

CA ,

0

B@h2i,

2

64
9 10

11 12

3

75

1

CA ,

0

B@h3i,

2

64
13 14

15 16

3

75

1

CA

)

Finally, it is possible to undo a tiling:

(7) Concat :

Concat : (Z⇤ ⇥ Z⇤)!
�
R

(k,r,b) ! R
(k�1,r,b’)�

Concat(keyDim, arrayDim) is an inverse to tile, which first groups all pairs in the relation

using all of the key dimensions other than keyDim, then concatenates all of the arrays

in each group along arrayDim, with the concatenation ordering provided by keyDim.

A call to Concat(1,1)

�
Tile(1,2) (RB)

�
first groups all pairs in Tile(1,2) (RB) using

all of the key dimensions other than key dimension 1, and then concatenates the arrays

in each group along array dimension 1, with the ordering provided by key dimension

1. Hence, this computation simply results in the recovery of RB.

3.1.2 Integrity Constraints and Closedness

There are two important integrity constraints that each tensor relation must follow:

uniqueness of keys, and a lack of “holes” in the tensor relation. The primary reason

for defining this constraints is facilitating easy, cost-based optimization. With such

constraints, cardinality estimation, one of the most vexing problems in relational opti-

mization, goes away — see Section 3.3.3. Further, neither is particularly burdensome
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when expressing computations using the TRA. In fact, if the interpretation of a tensor

relation of type R
(k,r,b) is that it represents a r-dimensional tensor decomposed into

chunks, these constraints are quite natural:

• Uniqueness : every key should be unique in a tensor relation.

• Continuity : there are no “holes”. Given a tensor relation R, of key-arity k, define

the frontier of R as Front(R). f = Front(R) is a k-dimensional vector that

bounds all keys in R. That is, for each key vector k in R, k < f. Further,

the frontier is the “smallest” vector bounding R, in that for any other vector f0

bounding R, f  f0. Continuity requires that for any vector k < f, some tuple in

R have the key k.

It is easy to show that for the majority of TRA operations — the exceptions being

the rekey and filter operations — tensor relations are closed. That is, if the input(s)

are tensor relation(s) that obey uniqueness and continuity, then the output must be

a tensor relation that obeys these constraints. Filtering a tensor relation or altering

the keys can obviously violate the constraints, where the the former probably leads

to holes in the resulting relation, and the latter can result in repeated key values.

Analyzing a TRA expression to automatically detect whether it can violate these

constraints is left as future work; it is reasonable to conjecture that if the filtering

predicate (or re-keying computation) are limited to simple arithmetic expressions, it

may be possible to check for closedness using an SMT solver [59].

3.1.3 Expressivity

This section argues that the TRA is expressive as the Einstein notation, which is the

most common tensor calculus.
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Consider the following attribute grammar, with inherited attributes I and J (I

and J are ordered sequences of symbols, serving as lists of indices). Let exp be an

expression produced by recursively applying the following production rules:

f(I, J)! f(IL, JL) binop f(IR, JR)

f(I, J)! unop(f(I, J))

f(I, J)! TensorLiteralK

In the first rule, IL is a subsequence of I and JL is a subsequence of J . In the last rule,

K is a permutation of I � J , where � is concatenation. binop, unop are mathematical

functions that operate on scalars.

For an example of this, consider the input lists I = hi1, i2i, J = hj1i. One can fire

the first rule to obtain the expression f(hi1i, hj1i) ⇥ f(hi2i, hj1i). Now one can fire

the last rule to obtain Ai1,j1 ⇥ f(hi2i, hj1i), and fire it again to obtain the expression

Ai1,j1 ⇥Bj1,i2 .

Let an expression exp produced in this way refer to the tensor X, where XI =
P

J
exp. This is known as Einstein notation. Note that, strictly speaking, this is

not the classical Einstein notation, as the lists of indices I and J are explicitly given.

In the classical Einstein notation, I and J are inferred from the expression itself.

Classical Einstein notation presents certain complications, such as the introduction

of the Kronecker delta symbol, that one can avoid via the use of an explicit I and J .

This does not affect the expressibility argument given here. Note that Ai1,j1 ⇥Bj1,i2

is Einstein notation for matrix multiply.

It is possible to show that TRA is as powerful as Einstein notation, in that it can

implement any computation that can be specified in Einstein notation. One can begin

by using a tensor relation to store a tensor. Assume a tensor relation R of pairs (key,
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val) where each val is a scalar (array with a single value) corresponds to the tensor

X where if (key, val) is in R, then Xkey = val (note that the proof does not use

the fact that tensor relations to store arrays; this does not seem to add to the power

of the TRA, though it does mean that it can be implemented efficiently).

The proof of the power of the TRA is by induction on the complexity of an

expression exp produced by the grammar given above.

The base case is when exp takes the value TensorLiteralK . Assume the tensor

referred is stored as a tensor relation R. In this case, simply rekey R, applying the

permutation from K to I � J to reorder the key attributes, and then aggregate using

the positions indicated by the attributes in J , using addition as the kernel function.

Now, assume that one can implement any computation that is simpler than exp

(that is, constructed from fewer production rules) and prove that one can implement

exp.

Two cases. Assume exp takes the form unop(subexp). By induction, it is known

that one can compute a tensor relation R holding the result of subexp, given index

lists I and J . Then, simply use the TRA to map R to apply the kernel function

corresponding to unop, to compute the result of exp given index lists I and J .

If exp takes the form of exp
L
binop exp

R
, let IL be the subsequence of indices in I

referred to by exp
L
, and let JL be the subsequence of indices in J referred to by exp

L
.

Define IR and JR similarly. To evaluate exp, first use the TRA to compute the relation

RL corresponding to exp
L

with index lists I = IL � (JL _ JR) and J = JL � (JL _ JR).

Here, (JL _ JR) merges the two lists, removing duplicates, and � removes every index

present in the second list from the first. Similarly compute RR. Next join RL and RR

on the last |(JL _ JR)| key attributes in each relation, applying the kernel function

corresponding to binop, and then aggregate, grouping on the joined keys, applying
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scalar addition. Finally, rekey the result to that the order of key attributes matches

the original I. Thus, one can implement any computation expressed in the Einstein

notation.

3.2 Implementation Algebra

TRA serves as a reasonable target for a compiler from a high-level language such as

the Ricci Calculus or the Einstein Notation. However, it is not suitable for direct

implementation. This section now describes the implementation algebra (IA) that is

suitable for execution in such an environment.

3.2.1 Physical Tensor Relation

In IA, each (key, array) tuple in a tensor relation is extended with an additional

site attribute, so that a physical tensor relation R will consist of triples:

(key, array, site).

The site attribute takes a value in {1, 2, ..., s} where s is the number of computation

sites. Conceptually, the site value indicates the location where the tuple is stored;

this could be a machine in a distributed cluster, or a compute unit like a GPU.

Each physical tensor relation can map a particular (key, array) pair to one

or more sites. There are a few especially important mappings, recognized by the

predicates All() and PartD():

1. If All(R) = true, it indicates that if the array attribute is projected away, the

resulting set will take the value:

{k s.t. k  Front(R)⇥ {1...s}}
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where Front(R) is the frontier of R (the frontier of a physical tensor relation is

defined as in a “regular” tensor relation). In other words, this means that each

possible (key, array) tuple in R appears at all sites.

2. If PartD(R) = true for some set D ✓ {1...k}, it indicates that: (1) for a given

key value, there is only one tuple in R and (2) two tuples with the same key

values for all dimensions in D must be found on the same site. In other words,

R is partitioned according to the key dimensions in the set D.

Now, it is ready to describe the IA. Let R(k,r,b,s) specify the set of all valid physical

tensor relations with key-arity of dimension k, storing arrays of type T
(r,b), and

partitioned across s sites.

3.2.2 Operations in Implementation Algebra

The first two operations are concerned with manipulating the assigning of tuples in

a physical relation to sites, while the later four operations operate over the key and

array attributes.

(1) Broadcast is defined as:

Bcast : R(k,r,b,s) ! R(k,r,b,s)

Given a physical tensor relation, Bcast simply ensures that each tuple takes each

site value, so that (a) the set of (key, array) pairs is unchanged after Bcast, but

(b) in any physical relation R output from a broadcast, All(R) = true.

(2) Shuffle is is defined as:

Shuf : 2{1...k} !
�
R(k,r,b,s) ! R(k,r,b,s)�
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Shuf(partDims) is a function that accepts a set of key dimensions, and returns a function

that accepts physical tensor relation, and then re-partitions the physical tensor relation,

so that (a) the set of (key, array) pairs is unchanged after Shuf, but (b) in any

physical relation R output from a shuffle, PartpartDims(R) = true.

(3) Local join is an extension of the TRA’s join operation:

1L :

✓
(Z⇤)g ⇥ (Z⇤)g ⇥

�
T

(rl,bl) ⇥ T
(rr,br) ! T

(ro,bo)
�◆

!
�
R(kl,rl,bl,s) ⇥R(kr,rr,br,s) ! R(kl+kr�g,ro,bo,s)

�

Similar to TRA join (1), 1L
(joinKeysL, joinKeysR, projOp) takes as input a set of key

dimensions to join on from the left and from the right, as well as a kernel operation to

run over all (leftArray, rightArray) pairs that are created during the join. The

key difference that the local join combines only on pairs from the left and right inputs

that have the same site values. If two tuples successfully join, the corresponding

output tuple will have the site value as those input tuples.

(4) Local aggregation is an extension of TRA aggregation:

⌃L :
�
(Z⇤)k ⇥

�
T

(r,b) ⇥ T
(r,b) ! T

(r,b)��

!
�
R(k,r,b,s) ! R(g,r,b,s)�

Like TRA aggregation (⌃), ⌃L
(groupByKeys, aggOp) takes as input a list of key dimensions

to aggregate over groupByKeys as well as a kernel function aggOp. However, it returns

a function that takes as input a physical tensor relation, groups the arrays in the

relation based upon the indicated key values and the site value, and applies aggOp to

the arrays in the group. Each output tuple in the resulting, physical tensor relation

will take its site value from the site value of the set of input tuples that were

aggregated to produce it.
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(5) IA has a filter:

�
L :
⇣
(Z⇤)g ! {true, false}

⌘
!
�
R(k,r,b,s) ! R(k,r,b,s)�

The only difference is that each accepted input tuple’s site value is carried through

the filter.

(6) Map provides two functionalities:

�
L :
⇣ �

(Z⇤)ki !
�
(Z⇤)ko

�m�⇥
�
T

(ri,bi) !
�
T

(ro,bo)
�m� ⌘

!
�
R(ki,ri,bi,s) ! R(ko,ro,bo,s)

�

�
L
(keyMapFunc,arrayMapFunc) is a multi-map. It returns a function that applies keyMapFunc

to each key value in the input and applies arrayMapFunc to each array value in the

input. Both keyMapFunc and arrayMapFunc return m output tuples per input tuple;

the site value is simply copied from input to output. One can subsequently call m

the arity of keyMapFunc/arrayMapFunc. In most cases the arity of these functions

will be one, but on some cases (such as replication-based matrix multiply, see Section

4.2.2), the arity will be greater.

3.3 Compilation and Optimization

One of the central hypotheses of this chapter is that layering a set-based abstraction on

top of a multi-dimensional array makes it much easy to run tensor-based computations

in a distributed environment; after all, it is much easier to distribute set-based

computations than it is to distribute array-based computations.

To distribute such computations so that they can run efficiently requires an

optimization framework. This section discusses three core questions related to actually

distributing a computation specified in the TRA: (1) How is that TRA computation
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compiled into an equivalent statement in IA? (2) What are a set of equivalence

rules that allow computations in IA to be re-written, so as to produce different

implementations that are known to produce the same results, but may run more

efficiently? And (3) How to cost those different, equivalent implementations, so that a

search strategy can be used to choose the most efficient one?

3.3.1 Compiling the TRA

Compiling a TRA computation is a matter of traversing the program, and applying a

simple set of rules to produce an equivalent computation in IA. Here, two computations

are equivalent if they are guaranteed to produce a tensor relation and a physical tensor

relation that are equivalent. The tensor relation and a physical tensor relation are

equivalent if projecting away the site attribute from the latter results in a tensor

relation whose contents are identical to the former.

Note that though there can be multiple physical implementations for a given

TRA computation, the compiler will generate one of such physical implementation as

the initial physical computation, and an optimizer will typically be responsible for

applying a search algorithm to produce the optimal physical plan represented by IA.

A complete set of rules mapping from TRA operations to IA operations are listed

in Table 3.1. The notation in Table 3.1 are denoted as: tensor relations R, Rl and Rr are

stored as the corresponding physical tensor relations R, Rl and Rr; idOp represents an

identity map for key or array; arrayTileOp is a kernel function splitting the array to

chunks of the indicated size on the indicated dimension; arrayConcatOp reverses this.

keyTileOp is similar to arrayTileOp, but operates on keys; hkeyDimic represents the

complement set of hkeyDimi.



59

TRA expression Corresponding IA

⌃(groupByKeys, aggOp) (R) ⌃L
(groupByKeys, aggOp) (Shuf(groupByKeys) (R))

1(joinKeysL, joinKeysR, projOp) (Rl, Rr) 1L
(joinKeysL, joinKeysR, projOp) (Bcast (Rl) ,Rr)

ReKey(keyFunc) (R) �
L
(keyFunc,idOp) (R)

�(boolFunc) (R) �
L
(boolFunc) (R)

�(transformFunc) (R) �
L
(idOp,transformFunc) (R)

Tile(tileDim, tileSize) (R) �
L
(keyTileOp(tDim, tSize), arrayTileOp(tDim, tSize)) (R)

Concat(keyDim, arrayDim) (R) ⌃L
(hkeyDimic,arrayConcatOp)

�
ShufhkeyDimic (R)

�

Table 3.1 : Translation from TRA to IA.

3.3.2 Equivalence Rules

Once a (possibly inefficient) computation in IA is produced, it can be optimized via

the application of a set of equivalence rules. An equivalence rule for IA expressions

holds if, for any input physical tensor relations, the two expressions produce equivalent

outputs — two physical tensor relations are said to be equivalent if they contain the

same set of (key, array) pairs after projecting away the site attribute.

There are two classes of equivalence rules: simple equivalence rules which are often

extensions of classic relational equivalence rules (e.g., commutative property of selec-

tions), and domain-specific equivalence rules that are more complex transformations

that always hold, and tend to be useful for mathematical computations, such as matrix

multiplications.
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Simple Equivalence Rules

Simple Equivalence Rules fall into two categories: i) those based on kernel function

composition, and ii) equivalence rules based on optimization of re-partitions. Kernel

function composition targets the order or location of the application of kernel functions

in order to reduce the computation load and memory consumption. This is closely

related to the idea of ML operator fusion, which has been explored in systems such

as TVM [60] (though TVM does not consider the sort of distributed computations

considered here). Re-partition rules formalize notions of distributed query optimization

over tensor relations, and are primarily designed to reduce communication.

Simple equivalence rules for kernel function composition are listed below:

R1-1. Filter operations can be merged. For a physical relation R:

�
L

(boolFunc1)

�
�
L

(boolFunc2) (R)
�
⌘ �

L

(boolFunc1^boolFunc2) (R) .

R1-2. Map operations can be merged, if the output arity of the key and array mapping

functions is one. For a physical relation R:

�
L
(keyMapFunc1, arrayMapFunc1)

�
�
L
(keyMapFunc2, arrayMapFunc2) (R)

�

⌘ �
L
(keyMapFunc1�keyMapFunc2,arrayMapFunc1�arrayMapFunc2) (R)

R1-3. Map and filter are commutative if keyMapFunc is an identify function (idOp).

For a physical relation R 2 R(k,r,b,s), if 8 key 2 (Z⇤)k, keyMapFunc(key) = key, then:

�
L
(keyMapFunc, arrayMapFunc)

�
�
L
(boolFunc) (R)

�

⌘ �
L
(boolFunc)

�
�
L
(keyMapFunc, arrayMapFunc) (R)

�

R1-4. The arrayMapFunc in map can be composed with local aggregation if keyMapFunc

is an identify function (idOp). For a physical relation R 2 R(k,r,b,s), if 8 key 2 (Z⇤)k,



61

keyMapFunc(key) = key, then:

�
L
(keyMapFunc, arrayMapFunc)

�
⌃L

(groupByKeys, aggOp) (R)
�

⌘ ⌃L
(groupByKeys, arrayMapFunc�aggOp) (R)

And if the kernel function arrayMapFunc and aggOp is distributive: 8 array1, array2 2

T
(r,b):

arrayMapFunc (aggOp (array1, array2))

=aggOp (arrayMapFunc (array1) , arrayMapFunc (array2))

then:

�
L
(keyMapFunc, arrayMapFunc)

�
⌃L

(groupByKeys, aggOp) (R)
�

⌘ ⌃L
(groupByKeys, aggOp�arrayMapFunc) (R)

R1-5. The boolFunc in filter can be composed with local aggregation if the ker-

nel function only depends on groupByKeys. For a physical relation R 2 R(k,r,b,s),

8 key1, key2 2 (Z⇤)k, if

boolFunc (⇧groupByKeys (key1)) = boolFunc (⇧groupByKeys (key2))

)boolFunc (key1) = boolFunc (key2)

then:

�
L

(boolFunc)

�
⌃L

(groupByKeys, aggOp) (R)
�
⌘ ⌃L

(boolFunc(groupByKeys), aggOp) (R)

R1-6. The kernel function in local filter can be pushed down with local join if the

boolFunc only checks the joined keys. For physical relations Rl and Rr:

�
L
(boolFunc)

�
1L

(joinKeysL, joinKeysR, projOp) (Rl,Rr)
�

⌘ 1L
(joinKeysL, joinKeys, projOp)

�
�
L
(boolFunc) (Rl) , �L

(boolFunc) (Rr)
�
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R1-7. The kernel function in local map can be composed with local join, if the output

arity of the key and array mapping functions is one. For physical relations Rl and Rr:

�
L
(keyMapFunc, arrayMapFunc)

�
1L

(joinKeysL, joinKeysR, projOp) (Rl,Rr)
�

⌘ 1L
(keyMapFunc(joinKeysL), keyMapFunc(joinKeysR), arrayMapFunc�projOp) (Rl,Rr)

And if the kernel function arrayMapFunc and projOp is distributive: 8 array1, array2 2

T
(r,b),

arrayMapFunc : (projOp (array1, array2))

=projOp (arrayMapFunc (array1) , arrayMapFunc (array2))

then:

�
L
(keyMapFunc, arrayMapFunc)

�
1L

(joinKeysL, joinKeysR, projOp) (Rl,Rr)
�

⌘ 1L
(keyMapFunc(joinKeysL), keyMapFunc(joinKeysR), projOp�arrayMapFunc) (Rl,Rr)

Simple equivalence rules for optimization of re-partitions are listed below:

R2-1. Only the final broadcast/shuffle in a sequence of broadcast/shuffle operations

is needed. For a physical relation R:

Bcast (Bcast (...Bcast (R))) ⌘ Bcast (R)

Shuf(partDimsn)

�
...Shuf(partDims2)

�
Shuf(partDims1) (R)

��
⌘ Shuf(partDimsn) (R)

R2-2. The re-partition operations are commutative with the local filter operation.

For a physical relation R:

Bcast
�
�
L

(boolFunc) (R)
�
⌘ �

L

(boolFunc) (Bcast (R))

Shuf(partDim)

�
�
L

(boolFunc) (R)
�
⌘ �

L

(boolFunc)

�
Shuf(partDims) (R)

�
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R2-3. The re-partition operations are commutative with the local map operation.

For a physical relation R:

Bcast
�
�
L

(keyMapFunc,arrayMapFunc) (R)
�
⌘ �

L

(keyMapFunc,arrayMapFunc) (Bcast (R))

And, if keyMapFunc is the identity function:

Shuf(partDims)

�
�
L
(keyMapFunc,arrayMapFunc) (R)

�

⌘ �
L
(keyMapFunc,arrayMapFunc)

�
Shuf(partDims) (R)

�

R2-4. A shuffle can be avoided if the physical relation is already partitioned by a local

aggregation’s groupByKeys. For a physical relation R, if partDims ✓ groupByKeys:

⌃L

(groupByKeys, aggOp)

�
Shuf(partDims) (R)

�
⌘ ⌃L

(groupByKeys, aggOp) (R)

R2-5. An aggregation can be split to two phases, if the physical relation is only

partially partitioned. For a physical relation R, if groupByKeys ⇢ partDims:

⌃L
(groupByKeys, aggOp)

�
Shuf(partDims) (R)

�

⌘ ⌃L
(groupByKeys, aggOp)

�
Shuf(partDims)

�
⌃L

(groupByKeys, aggOp) (R)
��

R2-6. A Join 1 defined by the TRA can be implemented in the following equivalent

ways. For physical relations Rl and Rr:

1L
(joinKeysL, joinKeysR, projOp) (Bcast (Rl) ,Rr)

⌘ 1L
(joinKeysL, joinKeysR, projOp) (Rl,Bcast (Rr))

⌘ 1L
(joinKeysL, joinKeysR, projOp)

�
Shuf(joinKeysL) (Rl) ,Shuf(joinKeysR) (Rr)

�

R2-7. The local join can be pushed through shuffle. For physical relations Rl 2

R(kl,rl,bl,s) and Rr 2 R(kr,rr,br,s), if partDims ✓ joinKeysL:

Shuf(partDims)

�
1L

(joinKeysL, joinKeysR, projOp)

�
Shuf(joinKeysL) (Rl) ,Shuf(joinKeysR) (Rr)

��

⌘ 1L
(joinKeysL, joinKeysR, projOp)

�
Shuf(joinKeysL) (Rl) ,Shuf(joinKeysR) (Rr)

�
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Such rules are surprisingly effective for optimizing distributed tensor manipulations.

Consider the example of extracting the diagonal elements of matrix X plus matrix Y:

diag(X + Y), where matrix X and Y are stored in physical tensor relations RX and

RY . This computation can be represented by the following TRA expression, where

isEq(hk0, k1i) 7! k0 = k1, merge(hk0, k1i) 7! hk0i, matAdd is an element-wise sum of

two arrays, and diag diagonalizes the array. Then diag(X + Y) can be written as:

�(diag)

�
ReKey(merge)

�
�(isEq)

�
1(h0,1i,h0,1i,matAdd) (RX , RY )

���
.

This TRA expression can be translated to the IA expression:

�
L

(idOp,diag)

�
�
L

(merge,idOp)

�
�
L

(isEq)

�
1L

(h0,1i,h0,1i,matAdd) (Bcast (RX) ,RY )
���

.

One can apply the following equivalence rules for the above IA expression:

�
L

(idOp,diag)

�
�
L

(merge,idOp)

�
�
L

(isEq)

�
1L

(h0,1i,h0,1i,matAdd) (Bcast (RX) ,RY )
���

R1�2⌘ �
L

(merge,diag)

�
�
L

(isEq)

�
1L

(h0,1i,h0,1i,matAdd) (Bcast (RX) ,RY )
��

R1�6⌘ �
L

(merge,diag)

�
1L

(h0,1i,h0,1i,matAdd)
�
�
L

(isEq) (Bcast (RX)) , �
L

(isEq) (RY )
��

R2�2⌘ �
L

(merge,diag)

�
1L

(h0,1i,h0,1i,matAdd)
�
Bcast

�
�
L

(isEq) (RX)
�
, �

L

(isEq) (RY )
��

R1�7⌘ 1L

(merge(h0,1i),merge(h0,1i),matAdd�diag)
�
Bcast

�
�
L

(isEq) (RX)
�
, �

L

(isEq) (RY )
�
.

The transformation will significantly reduce both the communication overhead

and the computation load: by applying R1-6, the isEq functions will be pushed down,

this transformation not only reduces the input tuple pairs for the join to execute the

matAdd function but also the enables reduction of communication overhead where the

the filter operation is commuted with the broadcast operation by R2-2; lastly, R1-7

leverages the property that kernel functions diag and matAdd are distributive, as a

result, addition will only be applied for the diagonal elements for the paired blocks

after kernel function composition.
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Domain-Specific Equivalence Rules

Such rules encode specific knowledge from parallel and distributed computing algo-

rithms. Adding such rules to a system allows IA to have at its disposal common

implementation strategies, that it can choose from in a cost-based manner.

This section does not attempt to produce an exhaustive list of such rules, but rather

this section considers in detailing one example: distributed matrix multiplication over

tensor relations RX and RY :

⌃(h0,2i,matAdd)
�
1(h1i,h0i,matMul) (RX , RY )

�
.

For physical tensor relations RX and RY , using the rules of Table 1, this would be

compiled into:

⌃L

(h0,2i,matAdd)
�
Shuf(h0,2i)

�
1L

(h1i,h0i,matMul) (Bcast (RX) ,RY )
��

.

This is a simple, broadcast-based matrix multiply. Applying simple equivalence

rules brings us to cross product-based matrix multiplication, which partitions RX on

columns, and RY on rows. The IA program is:

⌃L

(h0,2i,matAdd)
�
Shuf(h0,2i)

�
1L

(h1i,h0i,matMul)
�
Shuf(h1i) (RX) ,Shuf(h0i) (RY )

���
.

However, more complicated schemes are possible, which are expressible in IA,

but not derivable using the simple equivalence rules. For example, replication-based

matrix multiplication can be viewed as a relational version of the 3D parallel matrix

multiplication [61]. The algorithm first replicates matrix X and Y’s blocks multiple

times, viewing the result as a 3-D array, and shuffles them using the index of the

corresponding voxel as a key; then each site joins the tuples with the same keys

and performs local multiplications, aggregating to obtain the final results. If xDups
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is defined as Front(RY )[1] and yDups is Front(RX)[0], the shuffle stage can be

implemented in IA as:

R⇤
X
= Shuf(h0,2i)

�
�
L

(insertDim(2,xDups),duplicate(xDups)) (RX)
�

R⇤
Y
= Shuf(h0,2i)

�
�
L

(insertDim(0,yDups),duplicate(yDups)) (RY )
�

where kernel functions insertDim and duplicate add a new dimension, and du-

plicate each existing array the specified number of times. For example, applying

�
L
(insertDim(2,xDups),duplicate(xDups)) to the tensor relation

(0
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will produce:
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0
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0
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3
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Next one can execute:

⌃L

(h0,2i,matAdd)
�
1L

(h0,1,2i,h0,1,2i,matMul) (R
⇤
X
,R⇤

Y
)
�
.
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The equivalence of these three implementations is an example of a set of domain-

specific equivalence rules.

3.3.3 Cost Model

One of the beneficial aspects of the TRA is that cost-based optimization is much easier

than that for classical relational algebra: If the uniqueness and continuity constraints

hold, tuple counts need not be estimated and can be computed exactly.

In the simple cost model presented here, one can use the number of floating point

values that must be transferred between sites as the cost metric. The rationale is that

for the most part, the number of floating-point math operations in a distributed ML

computation is fixed. While this is not a hard and fast rule — it is possible to push

the filtering of tuples in a tensor relation past the application of a kernel function,

which would change the number of floating-point operations — in many applications,

network transfer is the dominant cost, and is a reasonable cost metric.

To compute the network transfer cost for a plan in IA, one need to be able to

compute the frontier of each physical relation R: f = Front(R). The reason is

that, assuming that uniqueness and continuity constraints hold, one can compute

the number of floating point numbers in R using f. If R is of type R(k,r,b,s), and

f = Front(R), then the number of tuples in the corresponding tensor relation is

n =
Q

i
fi, and the number of floating point numbers in the tensor relation is n⇥

Q
i
bi.

Once the frontier is known, it is used to compute the transfer cost for each Bcast

and Shuf operation. The cost to broadcast a tensor relation of type R(k,r,b,s) and

having f floating point numbers, is simply f ⇥ s. The cost to shuffle a tensor relation

of f floating point numbers is simply f .

Note that this section makes the simplifying assumption that there are no automatic,
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algorithmic optimizations — optimizations are all realized via the application of the

transformation rules from the last section. For example, if there are two broadcasts in

a row, the cost model assumes that the second broadcast has exactly the same cost as

the first — in reality, the second broadcast is superfluous and could be optimized out,

but the cost model assumes that this is done via the application of transformation

rules. If the optimized plan is “stupid” enough to ask for such a double-broadcast,

both broadcasts are performed.

Thus, the task of costing a physical TRA plan reduces to computing the type of

each intermediate relation, as well as its frontier.

Computing the type is relatively easy: one can work up from the leaves to the end

result(s) of a physical plan, using the type signature of each of the physical operations

(Section 4) to infer the type of each intermediate physical relation.

Computing the frontier in this way, working up from leaves to outputs, is also

possible, but it requires a bit more thought. The following part considers how the

frontier of an output is computed for each of the various operations in the physical

algebra:

1. 1L
(joinKeysL, joinKeysR, projOp) (Rl,Rr). For local join, assuming that Rl and Rr

have an appropriate partitioning to sites, let fl and fr be the left and right input

frontiers of dimensionality kl and kr, respectively. Then the output frontier f

is computed as follows. For k < kl and k not in joinKeysL, f[k] = fl[k], as the

frontier value for that dimension is inherited from the left. For k < kl and where

k = joinKeysL[i], f[k] = min(fl[k], fr[i]), as the frontier value for that dimension

results from the join of the two relations. And finally, for all other k, f[k] is

inherited from the corresponding dimension in the right frontier.
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2. ⌃L
(groupByKeys, aggOp)(R). For local aggregation, again assuming an appropriate

partitioning, let fi denote the input frontier, and let n be the number of key

dimensions in groupByKeys. In this case, for k  n, f[k] = fl[groupByKeys[k]].

3. �
L
(boolFunc)(R). This performs a filter in the physical tensor relation R. For an

n-dimensional input frontier fi, for any k  n, by definition:

f[k] = 1 + max {k[k] s. t. k < fi and boolFunc(k) = true} .

That is, the kth dimension in the frontier is inherited from the largest key value

in that dimension accepted by boolFunc. In many cases, especially if boolFunc

consists of simple arithmatic expressions any comparisons, symbolic methods

can be used to compute this. But in practice, it may simply be easier to use a

brute-force approach, where each key value is fed into boolFunc to compute the

required maximum. Since the size of a tensor relation is typically small — tens

of thousands of tuples would be very large — this is a very practical approach.

4. �
L
(keyMapFunc,arrayMapFunc)(R). Similarly, for an n-dimensional input frontier fi, for

any k  n, by definition:

f[k] = 1 + max {keyMapFunc(k)[k] s. t. k < fi} .

Again, a brute force-approach is appropriate for computing the frontier in this

case.

3.4 Empirical Study

This section details the empirical evaluation aimed at answering the following key

questions:
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(1) Given a data set and an associated tensor computation, can the ideas in this paper

be used to convert a TRA expression into an expression in the IA which is optimized

for, and runs well on, that particular data set?

(2) How does the execution time of such an optimized computation compare to what

one might expect for a competing, high-performance engine?

Benchmark Tasks. To answer these questions, three benchmark tasks are developed:

(i) distributed matrix multiplication, (ii) distributed nearest neighbor search in a

Riemannian metric space, and (iii) distributed stochastic gradient decent (SGD) in a

two-layer, feed-forward neural network (FFNN).

TRA Implementation. An prototype execution engine for the IA is implemented

in Python. While it may seem surprising that Python is appropriate for implementing

a relational engine, for even very large ML problems, the number of tuples in a TRA

computation is small; most data are stored in the large arrays. The Python execution

engine makes heavy use of PyTorch to handle those arrays. PyTorch is used to actually

execute the compute kernels on the various sites in a compute cluster, and the IA

implementation uses PyTorch’s optimized communication library to move the arrays

stored in tensor relations between machines.

3.4.1 Matrix Multiplication

Multiplication of A 2 RI⇥K and B 2 RK⇥J can be formalized:

⌃(h0,2i,matAdd)
�
1(h1i,h0i,matMul) (RA, RB)

�

where matrix A and B are stored in tensor relations RA and RB.

To test the effectiveness of IA optimization, as others have done [62, 63], the

benchmark considers three different multiplications: (i) general matrices (I = K =
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J = 4⇥104), (ii) matrices with a common large dimension (K = 6.4⇥105, I = J = 104),

and (iii) matrices with two large dimensions (I = J = 8⇥ 104, K = 104). Matrices

are filled with random data following uniform distribution U(�1, 1).

As discussed, the above TRA as three equivalent IA plans: broadcast based ma-

trix multiplication (BMM), cross-product based matrix multiplication (CMM), and

replication-based matrix multiplication (RMM). These three IA implementations are

compared with Intel’s version of ScaLAPACK [64] which realizes the classic SUMMA

[65] algorithm and is generally considered to be one of the fastest distributed ma-

trix multiplications available from the high performance computing community. All

methods are benchmarked over Amazon EC2 clusters with 5, 10 or 15 r5d.2xlarge

instances (each with 8 vCPU, 64 GB RAM, and connected by up to 10 Gb/s in-

terconnect.) Note that reasonable amount of effort have been made to tune the

hyper-parameters of ScaLAPACK (e.g., grid size, thread number) and report the

best results. Since ScaLAPACK uses an optimized initial layout, the similar optimal

layouts for the IA implementations are initialized as below: BMM has both RA and

RB partitioned by dimension 0; CMM has RA partitioned by dimension 1 and RB

partitioned by dimension 0; and RMM has both RA and RB partitioned by dimension

0.

The results are listed in Table 3.2. In Table 3.3, the cost (as computed in 4.3)

predicted in a 10-node cluster for different matrix multiplication algorithms and data

sets are reported.

3.4.2 Nearest Neighbor Search

TRA is used to implement a nearest neighbor search problem in a Riemannian metric

space encoded by matrix A 2 RD⇥D, where given a query vector xq 2 R1⇥D and a
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candidate set X 2 RN⇥D, the goal is to find the i-th row in the matrix that minimizes:

dA (xi,xq) = (xi � xq)A (xi � xq)
T . Suppose xq, X, A are stored in tensor relation

Rxq , RX and RA, the corresponding TRA program can be encoded as:

Rdiff = 1(h1i,h1i,matVecSub)
�
Rxq , RX

�

Rproj =⌃(h0,2i,matAdd)
�
1(h1i,h0i,matMul) (Rdiff , RA)

�

Rdist =�(rowSum)

�
⌃(h0i,matAdd)

�
1(h0,1i,h0,1i,elemMul) (Rproj, Rdiff)

��

Rmin =⌃(hi,minIndex) (Rdist) .

where matVecSub is matrix-vector subtraction, elemMul is element-wise matrix mul-

tiplication (Hadamard product), minIndex minindex finds the minimal element’s

index.

This TRA program is hand-compiled into an expression in the IA, and then use the

various equivalence rules to produce two different implementations: Opt4Horizontal,

and Opt4Vertical. Opt4Horizontal will broadcast Rxq and RA to each compute site

and partition RX by dimension 0; then the computation of Rdiff, Rproj, and Rdist will

be conducted by local operations. Opt4Vertical will first broadcast Rxq to each site

and compute Rdiff, then partition Rdiff by dimension 1 and partition RA by dimension

0 so that Rproj is computed in a cross-product based matrix multiplication.

For the the Opt4Horizontal IA implementation, Rxq , RX and RA are initially

partitioned by dimension 0. For the the Opt4Vertical IA implementation, Rxq , and

RA are initially partitioned by dimension 0, while RX is initially partitioned by 1.

Two datasets are generated: 1) Large, with a large number of data points (N =

1.5⇥ 106) but small feature space (D = 6⇥ 103); and 2) Wide, with a small number

of data points (N = 6⇥ 103), with a large feature space (D = 105). This computation

is executed on compute clusters with 4, 8 or 12 r5d.2xlarge instances.

Surprisingly, it is quite difficult to produce a distributed implementation on a



73

competing system — the obvious distributed alternatives were not able to run this

computation. Thus, as a baseline, the distributed IA implementations are compared

by the execution time with a PyTorch implementation that runs on a single site

equipped with the same level of computing power: an r5d.8xlarge instance (with

32 vCPU, 256 GB RAM), an r5d.16xlarge instance (with 64 vCPU, 512 GB RAM)

and an r5d.24xlarge instance (with 96 vCPU, 768 GB RAM). Since the single-site

implementation has zero communication overhead, this should be something of a

lower-bound on the time required to run the computation. The results are enumerated

in Table 3.4. Again, the predicted costs are given in Table 3.5.

3.4.3 Feed-Forward Neural Network

The last benchmark is a training iteration of a two-layer FFNN for multiple label

classification. Suppose a mini-Batch (X,Y) includes N data samples, where X 2 RN⇥D

is a matrix storing the input features, Y 2 RN⇥L is the matrix of one-hot encoded

labels. Let W(i)
1 2 RD⇥H and W(i)

2 2 RH⇥L be the weight matrix for layer 1 and layer

2 for iteration i and ⌘ be the learning rate. The TRA expression for feed-forward

neural network learning (backpropagation) is listed below:
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Ra1 = �(relu)

⇣
⌃(h0,2i,matAdd)

⇣
1(h1i,h0i,matMul)

⇣
RX, RW(i)

1

⌘⌘⌘
;

Ra2 = �(sigmoid)

⇣
⌃(h0,2i,matAdd)

⇣
1(h1i,h0i,matMul)

⇣
Ra2 , RW(i)

2

⌘⌘⌘
;

Rra2
=1(h0,1i,h0,1i,matSub) (Ra2 , RY) ;

Rr(i)
W2

= ⌃(h0,2i,matAdd)

⇣
1(h0i,h0i,matTranMulL)

�
Ra1 , Rra2

�⌘
;

Rra1�1 = ⌃(h0,2i,matAdd)

⇣
1(h1i,h1i,matTranMulR)

⇣
Rra2

, RW(i)
2

⌘⌘
;

Rra1�2 =1(h0,1i,h0,1i,elemMul)
�
�(relu’) (Ra1) , Rra1�1

�
;

Rr(i)
W1

= ⌃(h0,2i,matAdd)

⇣
1(h0i,h0i,matTranMulL)

�
RX, Rra1�2

�⌘
;

RW(i+1)
2

=1(h0,1i,h0,1i,matSub)

✓
RW(i)

2
,�(scaleMul(⌘))

✓
Rr(i)

W2

◆◆
;

RW(i+1)
1

=1(h0,1i,h0,1i,matSub)

✓
RW(i)

1
,�(scaleMul(⌘))

✓
Rr(i)

W1

◆◆
.

Here, matTranMul represents transposed matrix multiplication and scaleMul(⌘) repre-

sents scalar multiplication by ⌘.

Again, this TRA program is compiled by hand into the IA, and use the equivalence

rules to produce two implementations. The first, called TRA-DP, resembles the classic

data parallel implementation. The weights RW(i)
1

and RW(i)
2

(initially partitioned by

dimension 0) are broadcast to each site. RX and RY are initially partitioned using

dimension 0. The computation of activation and gradient will be conducted by local

operations — until the last step that shuffles the weight’s gradients stored in Rr(i)
W1

and Rr(i)
W2

for the weight updates. The second, called TRA-MP, corresponds to an

intra-operation model parallel plan that initially pre-partitions RW(i)
1

along dimension

0 and RW(i)
1

along dimension 1, while the batches stored in RX and RY are initially

partitioned across dimension 1. In the forward propagation, Ra1 is computed by a

cross-product-based matrix multiplication followed by a local map to implement the
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relu function. Ra2 is computed by a broadcast-based matrix multiplication. Note that

the generated Ra2 is partitioned by dimension 1; in the backward propagation, Rra2

is computed by a local join; the computation of Rr(i)
W2

is realized by broadcast-based

matrix multiplication with zero communication cost since Ra1 is already broadcast

in the forward propagation; the computation of ra1 is split to two steps, Rra1�1 is

computed by a cross-product-based matrix multiplication, and Rra1�2 via a local

join; the computation of Rr(i)
W1

is performed by broadcast-based matrix multiplication

(broadcasting Rra1�2); finally, the updated weights stored in RW(i+1)
1

and RW(i+1)
2

are

computed by local joins.

These two IA plans are compared with the state-of-the-art data paralleled imple-

mentation provided by PyTorch [66].

Two data sets are considered. First, the data from the Google speech recognition

task [49], where a 1600 feature vector is extracted from audio wave-forms; the goal

is to identify 10 keywords (D = 1600 and L = 10); for this task, a very wide hidden

layer with large number of neurons is trained, where H = 1⇥ 105, 1.5⇥ 105, or 2⇥ 105;

a batch size of 104 (N = 104) are used for min-batch SGD. Second, the benchmark

considers the AmazonCat-14K [67, 68] task, which is an “extreme classification” dataset.

It includes a large number of features (D = 597540) and labels (L = 14588); in this

case, a relatively narrow network with H = 1 ⇥ 103, 3 ⇥ 103, 5 ⇥ 103, or 7 ⇥ 103 is

trained; a batch size of 103 (N = 103) are used for mini-batch SGD.

Each is executed on CPU clusters with 2, 5 or 10 r5dn.2xlarge instances connected

by up to 25 Gb/s interconnect) and GPU clusters with 2, 5 or 10 p3.2xlarge instances

(each with a Nvidia Tesla V100 GPU, and connected by 10 Gb/s interconnect).

The results for Google are listed in Table 3.6; for Amazon-14k in Table 3.7.

Predicted costs are given in Table 3.8 (Speech-Xk is the Google Speech data set,
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XML-Xk is the extreme classification problem, with a hidden layer size of X ⇥ 103).

3.4.4 Discussion

The TRA enabled very fast computations. For matrix multiplication, for each of

the three types of multiplications, one of the TRA implementations was nearly as

fast, or significantly faster than Intel’s ScaLAPACK. The TRA CMM was twice as

fast as ScaLAPACK for larger clusters, for matrices multiplied along one common

large dimension. ScaLAPACK is a carefully-implemented, distributed matrix multiply

library, and beating ScaLAPACK is significant.

For the nearest neighbor computation, the better TRA implementation on multiple

machines nearly matched the speed of PyTorch on one machine, in each case. For

example, on 12 machines Opt4Vertical was about 6% slower than PyTorch on a

single machine for the Large data set, and on the Wide data set, Opt4Horizontal was

about 6.6% slower than PyTorch on a single machine. Thus, the TRA implementation

was able to nearly zero out the cost of moving from a single, parallel machine to

a computation on 12 different machines. That is, the set-based abstraction only

results in a 6% overhead when moving from a tightly-coupled, parallel machine to a

distributed environment with a slow interconnect.

The TRA implementation also matched or outperformed PyTorch on the FFNN

computation. For Google speech, the TRA-DP (data parallel) IA was able to closely

match PyTorch’s speed — despite the fact that naturally data parallel computations

like this are the computations PyTorch is built to run. Further, while PyTorch failed

on the larger Google computations, the TRA implementation was able to run to

completion. On the even larger, extreme classification problem, the TRA-MP (model

parallel) IA was much, much faster than PyTorch, and much more scalable. PyTorch
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simply cannot handle the huge matrices required to power this computation. It is

reasonable to believe that these results do show that the TRA can be the basis for a

very high-performance distributed ML systems.

Note that in each case, there was one IA implementation that was suitable for the

input data, and one that was not; the difference between the two was often significant.

In a system based upon the TRA, it would be crucial to automatically choose the

suitable implementation. It is interesting to highlight that in each case, the simple cost

model from Section 4.3 would have chosen the correct implementation. For example,

consider Table 3.8. In each case, the cost metric correctly assigns the lower cost to the

appropriate IA computation: TRA-DP for the smaller, Google problem, and TRA-MP

for the larger, extreme classification problem. These results suggest that it should

easily be possible to perform cost-based optimization over the IA.

Finally, all implementations failed on the large FFNN extreme classification prob-

lems, for the smaller GPU cluster sizes. The reason for this is clear: the data required

by the computation on each site could not fit on a GPU and the simple, Python-based

TRA implementation lacked a proper memory management system. Using PyTorch to

perform the GPU computations requires moving tensors onto the GPU, with no easy

way to move them off to make way for other computations, aside from implementing

some sort of buffering scheme. Lacking this, the system would fail. This is a crucial

area for future work: designing a proper buffering scheme, that is able to manage data

at many levels: secondary storage, RAM, and GPU RAM.

3.5 Summary

This chapter introduces novel abstractions necessary for building distributed machine

learning systems, which includes a tensor relational algebra expressive enough to en-
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code any tensor operation in the form of the Einstein notation, and an implementation

algebra targeting at effective optimizations for paralleled and distributed environ-

ment. Empirical study shows that IA optimization can enable efficient, distributed

implementations of several ML computations, which can reach or even significantly

outperform the existing HPC and ML systems. I believe that such computational

and implementation abstractions will lead to a flexible declarative ML system design

especially for a distributed runtime.
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Cluster Size 5 10 15

Two General Matrices

BMM 61.18s 46.48s 38.54s

CMM 63.14s 40.08s 29.38s

RMM 60.71s 43.56s 44.55s

ScaLAPCK 66.11s 37.05s 28.30s

Two Matrices with a Common Large Dim

BMM 106.24s 104.67s 101.63s

CMM 51.52s 30.58s 23.09s

RMM 91.19s 74.40s 68.43s

ScaLAPCK 83.96s 58.17s 35.45s

Two Matrices with Two Large Dims

BMM 57.23s 37.60s 31.64s

CMM 106.82s 82.72s 75.63s

RMM 59.91s 41.12s 33.26s

ScaLAPCK 53.06s 28.13s 22.34s

Table 3.2 : Distributed matrix multiply runtimes.

BMM CMM RMM

Two General 1.6⇥ 1010 1.6⇥ 1010 1.6⇥ 1010

A Common Large Dim 6.4⇥ 1010 1.0⇥ 109 6.4⇥ 1010

Two Large Dims 8.0⇥ 109 6.4⇥ 1010 8.0⇥ 109

Table 3.3 : Predicted costs for MM in a 10-node cluster.
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Cluster Size 4 8 12

Wide data set

Opt4Horizontal 55.62s 39.24s 24.63s

Opt4Vertical 120.09s 112.69s 108.59s

Single big machine 51.54s 35.82s 23.01s

Large data set

Opt4Horizontal 159.69s 229.40s 315.17s

Opt4Vertical 57.81s 35.61s 26.43s

Single big machine 48.22s 31.12s 24.88s

Table 3.4 : Nearest neighbor search runtimes.

Opt4Horizontal Opt4Vertical

Wide data set 2.9⇥ 108 8.0⇥ 1010

Large data set 7.2⇥ 1010 4.8⇥ 109

Table 3.5 : Predicted nearest neighbor search costs, 8 machines.
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Cluster CPU GPU

Nodes 2 5 10 2 5 10

100k Neurons

PyTorch-DP 11.16s 6.15s 4.75s 0.99s 1.19s 1.27s

TRA-DP 11.62s 6.51s 5.20s 1.49s 1.59s 1.63s

TRA-MP 26.56s 28.71s 29.09s 7.01s 11.56s fail

150k Neurons

PyTorch-DP 14.28s 9.46s 6.54s 1.18s 1.65s 1.78s

TRA-DP 14.52s 9.68s 7.56s 2.15s 2.22s 2.23s

TRA-MP 33.20s 42.80s 43.10s fail fail fail

200k Neurons

PyTorch-DP 17.25s 11.94s 9.30s 0.99s 1.19s 1.27s

TRA-DP 17.89s 12.51s 9.67s 1.49s 1.59s 1.63s

TRA-MP 37.82s 54.23s 59.84s fail fail fail

Table 3.6 : SGD runtime of 2 layer FFNN for Google Speech Recognition.



82

Cluster CPU GPU

Nodes 2 5 10 2 5 10

1k Neurons

PyTorch-DP 9.74s 10.29s 10.34s 2.67s 3.76s 4.20s

TRA-DP 12.50s 14.29s 15.68s 4.67s 4.69s 4.73s

TRA-MP 3.86s 2.79s 1.70s 0.40s 0.37s 0.35s

3k Neurons

PyTorch-DP 25.46s 29.04s 30.51s fail fail fail

TRA-DP 26.59s 38.15s 46.06s fail 12.74s 13.13s

TRA-MP 10.57s 6.36s 3.88s fail 0.54s 0.44s

5k Neurons

PyTorch-DP 34.05s 46.53s 50.17s fail fail fail

TRA-DP 44.12s 68.54s 75.15s fail fail fail

TRA-MP 18.59s 8.07s 5.75s fail 0.59s 0.48s

7k Neurons

PyTorch-DP fail fail fail fail fail fail

TRA-DP 60.28s 89.36s 107.86s fail fail fail

TRA-MP 21.35s 12.12s 7.854s fail fail 0.73s

Table 3.7 : SGD runtime of 2 layer FFNN for Amazon-14k extreme classification.
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TRA-DP TRA-MP

Speech-100k 9.7⇥ 108 1.0⇥ 1010

Speech-150k 1.5⇥ 109 1.5⇥ 1010

Speech-200k 1.9⇥ 109 2.0⇥ 1010

XML-1k 3.7⇥ 109 1.0⇥ 107

XML-3k 1.1⇥ 1010 3.0⇥ 107

XML-5k 1.8⇥ 1010 5.0⇥ 107

XML-7k 2.6⇥ 1010 7.0⇥ 107

Table 3.8 : Predicted costs for FFNN in a 5-node cluster
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Chapter 4

Related Works

The advance of ML, especially deep learning, has led to successes in various applications

such as controlling self-driving cars [69], recognizing speech [70], or predicting consumer

behavior [71]. This success is usually achieved by designing complex models with

large numbers of parameters trained over substantial amounts of training data. The

demand for learning such complex models over large training data sets raises the

need for parallel/distributed ML, where the computation is allocated to multiple

cores/machines in order to learn faster than on a single core or machine. Parallelizing

or distributing ML computations is much more difficult than distributing traditional

big data workflows, since the stochastic gradient decent (SGD) computation that

typically powers modern ML is inherently sequential.

In this chapter, I discuss the state of the art techniques for the efficient paralleliza-

tion of the training process.∗ The solutions considered include algorithmic designs that

allow efficient distribution of the computation and optimization of the communication

patterns, along with the development of ML systems to support these algorithms.

∗Note that there are various types of ML computations that can be distributed/parallelized; this

chapter considers the application of SGD to minimization of a loss function, typically over a neural

network.
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4.1 Distributed Learning Algorithms

Before the discussion of the distributed algorithmic approaches, it is worthwhile to

first review SGD-based optimization, which is used to minimize a loss function by

repeatedly adjusting the model’s parameters in the direction of the negative gradient.

The gradient descent is called “stochastic”, as the gradient is calculated from a randomly

sampled subset of the training data. The optimization procedure can be summarized

as:

1. Fetch a batch of randomly sampled training data.

2. Compute the loss function based on the model’s output and the label, known as

the forward propagation.

3. Compute the gradient with respect to the model and the loss function, known

as the backward propagation.

4. Update the model along the direction of the negative gradient, where the

magnitude of the update is controlled by a learning rate.

5. Repeat this process until satisfied with the value of the loss function.

4.1.1 Data Parallelism vs. Model Parallelism

In order to distribute the computation in SGD, two fundamental approaches are

proposed, known as data parallelism and model parallelism†.

In the data parallel approach, e.g., [73, 74], the training data are split evenly

and stored distributively in each worker node in the cluster. In order to conduct the

†It is crucial to note that the two types of parallelism can also be complementary [72].



86

SGD algorithm, each worker first fetches the current model (usually from a parameter

server [10]) and then executes the forward and backward propagation using to its local

training data. Finally, the gradients from the workers will be aggregated to update

the current model. The technique can be leveraged for any ML algorithm with an

independent and identical distribution (i.i.d.) assumption over the data samples. This

assumption is valid for most widely applied ML models, from simple linear models to

complex deep neural networks.

By contrast, the model parallel approach, e.g., [75], partitions the model and assigns

each fragment to the worker nodes in the cluster. For example, to train deep neural

networks, the model parallel approach generally assigns different layers to different

worker nodes so that in the forward propagation, activations are communicated while

in the backward propagation, the gradients of the activations are transferred. Different

from data parallelism, model parallelism cannot automatically be applied to any

machine learning model, because there can be no effective partitioning of the model

parameters in some cases.

Generally, data parallelism is more popular for distributed ML due to its relative

simplicity and wide applicability. However, model parallelism has its own advantages:

complex models with large amount of parameters may not fit the RAM of a single

compute unit or worker node for data parallelism — in this case, there is no enough

computational power to execute the forward/backward propagation locally.

4.1.2 Synchronous Mode vs. Asynchronous Mode

In data parallelism, there are different ways of combining gradients. In this way,

different data parallel approaches can be categorized into two classes: synchronous

data parallelism and asynchronous data parallelism.
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In the fully synchronous mode (also known as bulk synchronous parallel), e.g.,

[76], the gradients from all worker nodes are averaged at every SGD iteration. This

simplest mode is directly inherited from the map-reduce programming model [77, 78],

in which programs ensure consistency by synchronizing between each computation and

communication phase. In other words, the computation is completely deterministic,

and is guaranteed to perform the same computation as a classical, centralized SGD.

Due to its simplicity, this is usually the default option in modern distributed ML

systems. However, a disadvantage is that there is a synchronization barrier at every

iteration, where quick workers have to wait until all other workers are finished, which

results in the “straggler problem” — every transient slowdown of any given process in

the distributed cluster can delay all other processes so that each iteration proceeds at

the pace of the slowest process [79].

By contrast, the fully asynchronous mode, e.g., [80, 81, 82], lets workers communi-

cate without any synchronization barrier. Obviously, this strategy obtains the highest

possible speedup with respect to the parallel computational efficiency. However, the

asynchronicity can lead to statistical inefficiency — there is no guarantee that each

worker computes the gradients with respect to the most recent model parameters,

which is known as “staleness.” More concretely, given a collection of workers in a

cluster, each of which makes additive updates to a shared parameter (e.g., x x+ �)

at regular intervals called clocks.‡ Since updates may not be immediately visible to

other workers trying to read the parameter (e.g, x), the workers only see parameters

from a “stale” subset of updates. The staleness can be defined as the difference of

clocks between the fastest and slowest workers in a cluster [73] §. Staleness can

‡Clocks represent the unit of progress by an ML algorithm owned by each worker.
§Note that different definition of staleness does exist, for example, [83] defines staleness for



88

introduce additional noise and make the training unstable, this causes the statistical

inefficiency [83]. To resolve this issue, staleness-aware asynchronous SGD [84] is

proposed to categorize the gradients by their staleness. By restricting the impact of

the stale gradients, this approach is able to obtain convergence similar to synchronous

approaches.

4.1.3 Algorithmic Optimization for Distributed ML Communication

An essential goal for distributed ML is to minimize the communication cost, since the

communication between workers in a cluster can be a bottleneck to limit the system’s

scalability [85]. At the algorithmic level, this goal can be achieved by reducing the

communication frequency or reducing the amount of traffic for each synchronization.

A straightforward way to reduce the communication frequency is to adopt a large

batch so that the per-worker workload can be fully leveraged. However, some tricks

are necessary to make this scheme work. For example, the Facebook team increases

the learning rate proportional to the batch size, and use special learning rate with

“warm-up” policy to overcome initial optimization difficulty, which makes it possible

to train ImageNet parallelly within one hour [17]. Further, layer-wise adaptive rate

scaling (LARS) is proposed to increase batch size more aggressively [19] — LARS

uses different learning rates for different layers based on the norm of the weights and

the norm of the gradients since they observe that the ratio of weights and gradients

varies significantly for different layers. However, there are also some disadvantages

w.r.t large batch SGD. For example, larger batch tends to cause a degradation in the

quality of the model measured by its ability to generalize. [86] presents numerical

each worker as the difference of clocks that have occurred between when the worker conduct the

corresponding read and update operations for a SGD iteration.
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evidence to show that large batch methods tend to converge to sharp minimizers of

the training and testing functions — as is well known, sharp minima lead to poorer

generalization.

Local SGD [27, 87] is a more effective method to reduce the communication

frequency, where each worker in the cluster runs multiple iterations of forward and

backward propagation before synchronization; the algorithm then aggregates all

the local models into a coherent global model. Theoretical analysis and empirical

evaluation suggest that local SGD is more efficient than large batch distributed SGD.

In order to reduce the synchronization traffic, compression-based methods are

proposed to compress the gradients or model parameters that need to be transmitted

among instances in a cluster. These compression techniques include quantization

[56, 88] and sparsification [89, 90, 91].

Quantization-based methods propose a compression scheme that a small number

of bits (possibly as small as a single bit [88]) to represent a floating point number,

which is classically represented by 4 or 8 bytes. The idea of quantization compression

for gradient comes naturally from the idea of running of deep learning algorithms

with low precision [92]. This research revealed that low precision gradients can still

guarantee the convergence of training, and, as a result, quantized communication is

feasible for distributed ML.

Sparsification-based methods aim to reduce the number of elements that are com-

municated in each synchronization. One key observation that motivates sparsification

compression is that in the update phase of SGD, only “significant” gradients must

be used to update the model parameter to guarantee the convergence of SGD [91].

In order to induce sparsity, a natural approach is to round small coordinates of a

gradient to zero [93]. More advanced strategies to introduce sparsity include random
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sparsification [90], where entries to communicate and update are selected randomly;

and deterministic sparsification according to fixed threshold [94] (by selecting elements

with absolute values greater than a pre-defined threshold) or adaptive threshold [89, 95]

(by selecting top-k percent of elements).

Note that in practice, all the above approaches to reduce the communication can

be combined, e.g., [96].

4.2 Distributed Learning Systems

The advance of ML systems has revolutionized the practice of ML, especially deep

learning. In this section, I begin by introducing some popular ML systems for

deep learning, and then discuss some systematic design to support data parallel ML

communications and model parallel integration adopted in such systems. With the

demand of processing ML applications, popular general purpose big data systems

are modified to support distributed ML — such extensions are also presented in this

section. Last but not least, I cover some recent attempts to apply database design

principles for distributed ML.

4.2.1 Specialized ML Systems

As a result of the rising popularity of deep learning in many applications, specialized

ML frameworks have been developed, among which TensorFlow [2], PyTorch [3], and

MXNet [97] are the top-3 most widely adopted systems according to the survey of

ML frameworks and libraries [98].

Generally speaking, these ML frameworks consist of three main components:

• A group of declarative APIs for the user to specify the model by defining the

forward propagation;
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• An automatic differentiation engine to generate the corresponding backward

propagation and to construct the computation graph of a SGD iteration;

• A runtime engine to map the computation graph to the computational units

and execute the graph locally or distributively.

I personally believe that these systems deserve credit for the advance of deep

learning in both industry and academia, since the engineering effort to implement

gradient decent for learning ML models has been greatly reduce through their use. In

fact, difficult gradient computations that would have been impossible to get right “by

hand” are generated quickly by these systems without any programmer involvement. As

a result, data scientists and researchers can fully devote their effort in exploring novel

neural network architectures, and need to spend relatively little time implementing

them.

On the other hand, the distributed ML runtime engines are perhaps not as

well-designed and flexible as the first two system components (the API and auto-

differentiation engine). Nevertheless, there has been a lot of effort aimed at designing

better distributed ML runtime engines.

4.2.2 System Designs for Data Parallel Communication

As the discussion in section 4.1.1 illustrates, data parallelism is more widely adopted

than model parallelism, due to its simplicity and applicability. Multiple systems have

been proposed for supporting data parallel computations.

The parameter server (PS) [10] is a popular architecture designed for data parallel

training of ML models. A PS framework consists of two components: a PS (or

key-value store) that is responsible for saving the latest global model and collecting
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the updating information from the workers; and a set of workers who pull the latest

global model from the PS, and then compute the updates, which will be transmitted

to the PS. Traditional PS architecture is generally referred as a centralized framework,

where the PS node becomes the bottleneck due to the communication congestion. To

alleviate the congestion, distributed PS framework has been proposed, e.g., each node

in the cluster runs both a PS process and a worker process. This strategy is adopted

in the release of TensorFlow [2].

A fundamentally different method to implement gradient aggregation is the all-

reduce communication protocol [99]. In this framework, all nodes in the cluster

communicate without a central server. After the communication, every node acquires

all gradients from all the other nodes and then updates the local model, which makes

all the local models consistent. Among the all-reduce implementations, ring based

all-reduce has been shown to be efficient for distributed ML, where the framework

structures the cluster of nodes as a ring¶ and cascades the reduction operation.

According to the study of collective reduction operations [100], the ring layout is able

to utilize all bandwidth optimally in general cases, where the number of nodes in

a cluster is non-power-of-two�. Horovod [54] is a well-known system that modifies

TensorFlow by leveraging ring-based all-reduce framework to replace the parameter

server for model synchronization. PyTorch [66] also utilizes the Nvidia Collective

Communications Library (NCCL) [26] — Nvidia’s release of the ring-based all-reduce

implementation, to realize data parallelism.

¶Each node has and only has two neighbors in the ring.
�Tree based layout can be the optimal choice when the number of nodes is power-of-two in the

cluster [100].
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4.2.3 System Designs for Model Parallel Integration

Comparing to data parallelism, model parallelism is less frequently used to accelerate

deep neural network training usually due to two main limitations: i) the burden of

partitioning a model across multiple nodes is left to the programmer; and ii) the

computation units stall when communicating activations/gradients. There are some

recent effort attempting to address these issues:

An extension to support model parallel over TensorFlow is Mesh-TensorFlow [101].

Mesh-TensorFlow is an abstraction for specifying a general class of distributed tensor

computations. Based on this abstraction, data parallelism can be viewed as splitting

tensors and corresponding operations along the batch dimension; further, users can also

specify any tensor-dimensions to be split across any dimensions of a multi-dimensional

mesh of processors and operations are then split accordingly. The idea of splitting

tensors is similar to TRA introduced in Chapter 3 — this abstraction can provide

convenience for organizing tensor computations without staleness. Nevertheless, the

user has to manually layout the computations for model parallelism.

DeepMind also releases their distributed ML framework on top of TensorFlow

called TF-Replicator [102], which includes an interface to declare model parallel

computations. The notion of replica (a computation designed to be run in a device,

e.g., one iteration of SGD) is extended to support computation graphs that span

multiple devices. An API is provided to manage the mapping of replica partitions

with device IDs automatically.

A system called PipeDream [103] is proposed to overcome both two challenges: the

system versions model parameters for numerically correct gradient computations, and

schedules forward and backward passes of different batches concurrently on different

workers in order to construct a very efficient pipeline for model parallelism; the system
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also introduces an algorithm to automatically partition neural network layers among

workers to balance workload and minimize communication.

It is also worthwhile to mention Microsoft’s attempt to aggressively reduce residual

memory consumptions for model parallelism in their system called ZeRO [104]. ZeRO

adopts a similar tensor partition schema as Mesh-TensorFlow. It removes the memory

redundancies in model parallelism by partitioning the activations across compute

devices, and uses all-gather to reconstruct these activations on demand — in this way,

the activation memory footprint is reduced proportional to the parallel degree.

4.2.4 Extension of General-Purpose Big Data Systems to ML

To process large volumes of data in parallel in a cluster is not a unique problem

restricted to ML — this has been studied for a decades in distributed systems.

Classic data-flow systems using the map-reduce programming model [105] have

been modified to support distributed ML, e.g., Spark [106] provides various extensions

for ML [107, 108, 109]. I list a few extensions of well-known map-reduce systems to

support ML now:

Spark MLlib [110] contains optimized libraries for general ML in Spark. Spark

MLlib contains various ML models that are convenient to use in development and

production. Three families of functions are included by Spark MLlib: ML algorithms

for analyzing data; feature transformers for manipulating individual features; functions

for manipulating Spark DataFrames.

Deeplearning4j [107] is a distributed deep learning library implemented in Java.

The system aims to provide an industrial-strength Java development ecosystems for

ML. The Deeplearning4j framework provides built-in GPU support, 3rd party model

import, and native libraries support for quick matrix data processing on the CPU and
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GPU.

FlinkML [111] is a part of Apache Flink, a distributed stream and batch data

processing system. FlinkML provides a set of scalable ML models and API adopted

to Flink distributed framework. Since Flink is focused on data processing with very

low latency and high fault tolerance on distributed systems, FlinkML is capable of

distributed learning for real time streaming data.

4.2.5 Databases for Distributed ML

Distributed computations in relational database management systems (RDBMSs)

have been studied for more than thirty years, and are fast and robust. The query

optimizer, shipped with an RDBMS, is highly effective for optimizing distributed

computations. Plenty of research has focused on supporting numerical computations

and ML in database systems.

Declarative and efficient numerical array manipulation has long been studied over

relational systems. It is worthwhile to mention this topic here since numerical array

manipulation can be viewed as the cornerstone for ML. Some approaches attempt

to integrate linear algebra operations into the relational model and eliminates the

dichotomy between matrices and relations for declarativeness and high-performance:

AIDA [112] integrates NumPy [113] into MonetDB [114] by exploiting the fact that

both systems use C arrays as an internal data structure — to avoid copying NumPy

data to MonetDB, AIDA shares pointers to arrays to transfer between the two systems.

On the other hand, data copying is still required when passing MonetDB results to

NumPy since MonetDB cannot guarantee that multiple columns are contiguous in

memory, which is required by NumPy. AIDA also provides a Python-style language

for relational and linear algebra operations. Sequences of relational operations are
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evaluated lazily, which enables AIDA to conduct cross query optimizations. Note that

this optimization does not include linear algebra operations.

LARA [115] proposes an algebra with tuple-wise operators, attribute-wise operators,

and tuple extensions, then defines linear and relational algebra operations using these

primitives. LARA offers a theoretical analysis of the properties of its operators, which

allows some inter-algebra optimizations that span linear and relational operations.

However, it is worth mentioning that LARA attempts to implement ML computations

as algebraic expressions (e.g., a join followed by an aggregation) over relations of (key,

value) pairs. This requires pushing a huge number of pairs through the system, which

introduces significant overhead.

Further, systems are proposed to handle numerical array manipulation in a rela-

tional style parallelly and distributively in clusters:

SystemML [116, 117, 118] is a well-known system designed by IBM. The system

provides a set of linear algebra primitives that are expressed in a high-level, declarative

language, implemented on Hadoop [116] and Spark [117]. SystemML conducts the

linear algebra optimizations in a fashion that is very similar to relational optimizations,

e.g., determining the matrix chain multiplication execution order. Further, SystemML

is equipped with compressed linear algebra [118], where lightweight database compres-

sion techniques are applied to matrices and then linear algebra operations such as

matrix-vector multiplication are executed directly on the compressed representations.

The speedup is achieved by effective column compression schemes, cache conscious

operations, and an efficient sampling based compression algorithm. Note that the

compressed linear algebra is super effective to handle sparse matrices/tensors originally

stored as dense arrays. While the computation is usually dense in SGD optimization

for general deep learning models, sparse features do exists as well. In this case it is
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reasonable to expect the solution proposed in Chapter 3 can be jointly optimized by a

similar compression — this can be an interesting future work.

SciDB [119] is a database system that is specialized for scientific array-based

computations. Matrices and relations are implemented as nested arrays. SciDB offers

efficient array processing over parallel scientific computations. SciDB also includes

element-wise operations and selected linear algebra operations, such as SVD.

Multi-dimensional-recursion has been built on top of SimSQL [120], a distributed

analytic database system, to support linear algebra computations [121]. This system

introduces matrices as ordered numeric-only attribute types and efficient relational

optimization, which leads to competitive performance.

The declarative matrix multiplication in database is further optimized for GPUs.

DistME [63] is such a system built over Spark. DistME proposes a distributed elastic

matrix multiplication method called CuboidMM, where matrices are partitioned into

cuboids to optimize the network communication w.r.t memory usage per process; and

cuboid are further split into subcuboids for GPU acceleration by optimizing the PCI-E

communication with the limitation of GPU memory usage.

Relational systems have also been directly used for ML. The initial attempt is to

make the database system an efficient data loader, to generate training batches for

SGD iterations. This is an very interesting idea since the training data are usually

stored — not surprisingly — in the database for real-world industrial applications.

MLog [122] is such a declarative relational system managing data movement, data

persistency, and training batch generation. MLog provides tensor-based views of

the relational data for efficient batch generation. However, MLog does not view the

RDBMS as a compute engine for the forward and backward propagations; instead,

MLog simply utilizes TensorFlow for the ML computations. Similar ideas have been
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applied in [123] for feature extraction queries over multi-relation databases, and [124]

for optimizing sparse tensor computations constructed from relational tables.

Recently, relational systems have also been considered as runtime engines (instead

of limiting itself as an efficient data loader) for distributed ML. DB4ML [125] proposes

user-defined iterative transactions for ML computations. Their key observation is

that database transactions are able to provide an execution environment that allows

RDBMSs to efficiently mimic the execution model of modern parallel ML algorithms.

Based on this observation, DB4ML is designed in a way that it can support user-defined

ML algorithms inside a RDBMS with the competitive efficiency.

The follow-up work of multi-dimensional-recursion on top of SimSQL [121] attempts

to argue that one should use a database system for distributed ML [126]. This

work extends the previous optimizations for linear algebra to model parallelism ML

optimizations and achieves competitive scalabilty compared to TensorFlow. It is worth

mentioning that this work leverages intra-layer model parallel optimization where the

computation within a layer, e.g., a huge fully connected layer, is partitioned. This is

different from the model parallelism introduced in Section 4.1.1. I note the previous

model parallelism as inter-layer model parallelism here. In fact, the inter-layer level

model parallelism, where the large models are partitioned spatially among compute

sites [127, 128, 129, 103], is very similar to the concept of pipelined parallelism in the

database community, which has long been used in relational systems [130].
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Chapter 5

Conclusion and Future Work

5.1 Summary of Contributions

This thesis proposes algorithmic and system-based approaches to speed up and scale out

distributed ML. The algorithmic approach is called independent subnet training (IST),

and facilitates distributed training of neural networks. By stochastically partitioning

the model into non-overlapping subnets, IST reduces the communication overhead for

model synchronization, and reduces the computation required for forward-backward

propagation via the use of a thinner model on each worker. This results in two

advances: i) IST significantly accelerates the training process compared with standard

data parallel approaches for distributed learning, and ii) IST scales to large models

that cannot be learned using standard data parallel approaches.

At the systems level, I introduce novel abstractions necessary for building dis-

tributed ML systems. I propose the tensor relational algebra (TRA), which is expressive

enough to encode any tensor operation written using Einstein notation, and propose

an implementation algebra (IA) targeted at effective optimizations for a parallel/dis-

tributed environment. Optimization of IA expressions can enable efficient, distributed

implementations of ML computations, and I show that such computations can match or

even significantly outperform existing HPC and ML systems. Such computational and

implementation abstractions could form the basis for the design of future declarative

ML systems.
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5.2 Future Research Opportunities

The ideas proposed in this thesis bring plenty of new research opportunities, among

which I would discuss two in depth.

5.2.1 Efficient Training with IST at the Edge

While IST greatly alleviates the computational burden in a single compute site in

a distributed cluster, the subnetwork’s complexity can still be too high to handle

in edge-computing scenarios. Edge computing devices can often use limited energy,

and have constraints on available storage and computational resources. For resource-

constrained applications in edge devices, even performing inference is a challenging

task. Compared to inference, distributed training on edge devices is more difficult still,

for many reasons. For example, the actual per-iteration of the training algorithm is

more expensive than that of the inference procedure; the optimization of the hardware

has to guarantee the empirical convergence rate of the training and integrate with

existing hardware architecture [131].

Toward this end, it is important study techniques to aggressively reduce the training

cost of subnetworks without compromising their algorithmic accuracy. Specifically,

some techniques can be combined with IST for this purpose: i) an end-to-end mixed

low-precision model via progressive and dynamic training precision scheduling and ii)

lazy parameter updates via dynamic fractional skipping of layers. The aim of such

an IST extension is to reduce network latency and energy consumption during IST

training. I conjecture that it will be possible to continuously adapt the subnetwork

training parameters at the worker nodes, so as to maximize performance without

incurring a drop in accuracy.
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5.2.2 Reinforcement Learning for TRA Optimization

As the empirical study shows, the proposed cost model is an effective means of es-

timating the real-life runtime of tensor-based computations in a distributed cluster.

Classical relational optimizers face significant problems in accurate cardinality estima-

tion [132, 133]. However, in the TRA it is possible to exactly characterize the size

and other statistical characteristics of every tensor relations in a computation.

Still, TRA optimization is not a solved problem. Optimizing the computation

represented by a calculation in TRA still presents a unique set of challenges. There

are hard constraints for TRA computations: individual arrays must fit in the RAM

of a device (the RAM of one GPU, or the RAM of a machine); the communication

cost can be heterogeneous — shuffling between GPUs on the same machine is costly,

shuffling across machines through networks are devastating.

In response to this, it would be interesting to investigate an entirely new paradigm

for optimization, where rather than being statically optimized, one can view the

process of executing a tensor-relational algebra statement repeatedly as a Markov

decision process (MDP) [134]∗. In the context of optimizing and executing TRA

algebra computations, one can consider a potential mapping to an MDP, where states

represent a current plan and a set of atomic portions of the plan that have been

executed thus far; actions include altering of the current plan according to the re-write

rules; transition probabilities describe the probability of getting the next plan(s)

in execution time when taking an action for the current plan(s); and the reward

function can be the reverse of the expected cost to run the whole plan. As a few

∗The TRA statement must be optimized over its lifetime of executions, so as to achieve minimum

cost over all executions. Note that ML computations are usually run again and again; e.g., during

gradient descent, the same TRA statement will be executed potentially thousands of times.
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recent interesting works leverage deep reinforcement learning (RL) to solve MDPs for

database research [135, 136, 137, 138, 139], it is reasonable to believe RL would also

be a good option for optimizing TRA computations formalized as a MDP problem.
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